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Jlexuus 1 o Teopuun BeposSITHOCTEN
JEKIIAM IO TEOPUU BEPOSATHOCTEM
YACTbD 1: IIEPBOHAYAJIBHBIE OITPEJAEJIEHUA 1 ®AKTbBI
Jlexuus 1

OmuocumenvHo mo2o, 4mo meepoo U3BeCMHO U
He NOONeHCUm COMHEHUIO, Mbl 2080pUM, UMO
3HaAemM U RNOHUMAeM, OMHOCUMENbHO BCe20
npoye2o — umMoO MONbKO 002A0bleaemMcsl UU
npeononazaem. /lenamv o0 Kakou-1ubo eewju
NPeOnoJIONCEHUsL — 8CE PABHO, YMO USMEPSMb ee
8€POSIMHOCMb. Ilosmomy UCKYCCMBO
NPeoOnoNoNCeHuti  Mbl onpeoensiem  Kak
UCKYCCMBO ~ 803MOJCHO — MOYHee  U3Mepsmb
8eposImHOCMU 8ewell 3amem, 4moovl 8 HAulux
CYHCOHUSX — UMU  OeUCMBUAX  Mbl  MO2IU
8bIOUPAMb UNU CIe008AMb MOMY, 4mo Oyoem
HAUOEeHOo Ty4uuUM, Ooiee Y0081emeopumenbHuiM,
CHOKOUHBIM U PA3YMHBIM.

A. Bepuynnu,

bazens, 1713 1.

OTHOCUTEIBHAS YaCTOTA M KIIACCHYECKOE ONpCACIICHUEC BEPOATHOCTH

OCHOBHBIM TIOHATHEM TEOPHH BEPOSTHOCTEH SBIISICTCS MOHITHE CIYYaHOTO COOBITHSI, TO
€CTh COOBITHS, KOTOpPOE (IIPH HEKOTOPBHIX OOCTOSTEIHCTBAX) MOXKET COBEPIIUTHCS, @ MOXKET U HE
coBepmuThes. Hampumep, BeIMaieHre opiia Mpu OAHOKPATHOM OPOCaHUHM MOHETHI €CTh CITy4aiiHOe
cOOBITHE; MTOTIAIAHKE B LIENb MIPH CTPEIb0E €CTh TAKKE CIIy4aHOE COOBITHE U T.1I.

[Ipenmonoxum, YTO MBI COBEpIIAEM CEPHUI0 OJMHAKOBBIX HCIBITAHUN (HampUMep,
MHOTOKpaTHO OpocaeM MoOHETY). 3adukcupyeM HEKOTopoe coObITHE A, KOTOPOE€ MOXKET
peamM30BBIBATECS B pPE3yJbTaTe KaXJOTO W3 JTUX HCHBbITaHWKA (Hampumep, A — coObITHE,
COCTOsAIEE B BBIIAAECHUU opia). IIycTe n° — KOJMYECTBO NPOU3BEINECHHBIX HUCIBITAHUH, a m —
qucno peanu3anui coobiTust A. OTHOCUTENBbHON YacTOTOM MOsIBIEHUS cOObITUSA A OyZeM Ha3bIBaTh

*

OTHOILIICHHC p* = . Ecnn mbr COBCPLINM €IIC OJHY CCPUI0 TAKUX IKE I/ICHHTaHI/II‘/'I, IMpUYEM HOBOC
n

n 6y,[[eT HpI/I6J'II/ISI/ITeJIBHO TaKMM XK€, KaK U IIPCIKHCEC, TO HOBAdA OTHOCHUTCJIIbHAA YaCTOTa p*

MOXKET CYHIECTBEHHO OTJIMYaThcsi OT crapoid. OnHako B pe3yabTaTeé MHOTOYHCIEHHBIX
AKCIEPUMEHTOB OBbLIIO CAENAHO 3aKII0YCHHE, YTO CYHIECTBYET YUCIO P, TAKOE, YTO OTHOCUTEIbHBIC
YacTOTHl TMOSBIEHUS COOBITUS A TpH OOJIBIIOM YHCIIE TOBTOPSIOUIUXCS HUCHBITAHUN JIUIIH
HE3HAYUTENIbHO OTJIMYATCS OT 3TOro yucna pP. JlaHHbli smnupuueckuid (akT CHMBOIHYECKU
3aMKCHIBACTCS CIEAYIOIINM 00pa3oMm:

%

m

*

—p TpU 0" —>0, (1)

Uucno p Ha3bIBaeTCS BEPOSITHOCTHIO PeaTu3alii COOBITUS A, UTO CUMBOJUYECKH 3alHCHIBACTCS B
Bune: P(A)=p.
BeposTHOCTB P ecTh 00BEKTUBHAS XapaKTePUCTHKA BO3MOKHOCTH peau3aiuu coObITus A
B JaHHOM HcHbITaHUHU. [Ipu OONBIIOM 4YHCIIE WCIBITAHWA OTHOCHTEIbHAS YacToTa Mayo
OTIINYAETCS OT BEPOSTHOCTH P (MCKIIOYSHHSI MOTYT COCTAaBJISITh BEChbMa PEIKUE CEPUH UCTIBITAHUH,
1



Jlexuus 1 o Teopuun BeposSITHOCTEN

KOTOPBIMH MOXHO TpeHeOpeub). Hampumep, mpu MHOTOKpaTHOM OpOCAaHMM MOHETHI MBI B

OOJIBIIIUHCTBE CJIy4acB MOJIYYUM OTHOCHUTCIIbHYIO HaCTOTY BbIIIAJACHUSA OpJid, MAJIO OTJIMYAIOIYIOCA

1
oT pZE.

Cootnomenne (1) 00bIYHO (GOPMYIMPYIOT CIEAYIOLIMM O00pa3’oM: KOIga YHCIO 1
MTOBTOPSIIOIIUXCS] UCTIBITAHUM OECKOHEUHO PacTeT, OTHOCUTENIbHAS YacTOTa COObITHS A cTpeMuTCA
K BEPOSITHOCTH P peaym3anuu coObitusi A. DTo Hectporas (GopMyIHpOBKa XOPOIIO H3BECTHON
TeopeMsl 5. bepHyIu, ABIAIOMIENCS KpacyroJIbHbIM KAMHEM COBPEMEHHOM TEOPUH BEPOATHOCTEH.

[lycTe Temepp MBI HaxoqUMCS B paMKaX HEKOTOporo ucnbiTaHus. [IpupaBas kaxaomy
COOBITHIO A, CBSI3aHHOMY C JJAHHBIM HCIIBITAHUEM, HEKOTOPYIO BEPOATHOCTh P(A), MBI TEM CaMbIM

CO37aeM MaTeMaTUYECKYyIO MO/JIENb, OMKMCHIBAOLIYIO (110 HAIUM MOHSATHUSAM, aJ€KBaTHBIM 00pa3oMm)
JNaHHOEe ucnblTaHue. IlocTpouB MareMaTH4eCKyl0 MOJIENb, Mbl UMEEM BO3MOXKHOCTb JJISi PELICHUS
MIOCTABJICHHBIX 3a/lad IYCTUTh B XOJ BeChbMa pa3BUTBHIH MaTEeMaTHMUECKUH ammapaTr TEeopuu
BEpOSITHOCTEH, B OCHOBE KOTOPOTO JIEKUT aKCHOMATHKA, BIEPBbIE MPEIIOKEHHAs aKaJeMHUKOM
A.H.KonmoropoBeiMm B 1929 1. IlpommitocTpupyeM Mpolecc MHOCTPOCHHUsSI MaTeMaTH4ecKOi
MOJIENU Ha CIIEAYIOIIEM IPUMEDE.

Ilpumep 1. PaccMOTpUM 5SKCIIEPUMEHT, COCTOSLIMN B OJHOKPAaTHOM OpOCaHMU Ha
UJealbHYI0 TOPU30HTATIBHYIO TOBEPXHOCTh UTPAJIbHON KOCTH (ILIECTUTPAHHOTO KyOMKa), Ha TPaHsIX
KOTOpoi HaHeceHbl 1Udpbl oT 1 mo 6. MbI cumTaem, 4TO HrpajgbHas KOCTh TaKXe HMEET
ueanbHyl0 KOHQUrypamnuio. SIcHO, 4To B pe3yiabTaTe OpocaHHs Mbl MOXEM IOJYyYUTh IIECTh
HCXOJ0B (MJIM, TOBOPSI MaTEMATHUYECKUM S3BIKOM, LIECTh 2J1eMEHMAPHBIX COObIMUIL), KOTOPHIE MBI
0003HauUUM 4epe3 m,,0,,0;,0,,M0;,0,, e O, — COObITHE, 3aKIIOYAIOIIEECs B BHIITAJICHUH YUCIa

k (k=1,2,...,6). BBuay cHMMeTpHUH UTPabHOW KOCTH, BBEICHHBIC 3J€MEHTApHbIE COOBITHS MOXHO
CYMTATH PABHOBEPOATHBIMH. JIEHCTBUTENBHO, €CJIM MbI COBEPUIMM OOJIBIIYIO CEPHIO M3 7

*

n
OpocaHuil UrpaJbHOW KOCTHM, TO KaXKA0€ (), COBEPIIUTCA MPUOIU3UTENIBHO —— pa3, TO €CThb
6

OTHOCHUTCJIbHAsA YacCToTa pajlrn3alh 3TOI'0 COOBITHS 6yz[eT HpI/I6J'II/I3I/ITeJ'IBHO paBHa g 910

1
TOBOPUT O TOM, YTO KaXXKAOMY COOBITHIO ®, HY)KHO INpUAaTb BEPOATHOCTDH g , TO €CTh IIOJIOKHTH

1
P((Dk):g' Ha »tom (baKTI/I‘IeCKI/I 3aBCpHIACTCA IMPOLUECC MOCTPOCHUA MATEMATUYCCKOW MOIACIIN

JAHHOTO  JKCIEpUMEHTa. JTa MaTeMaThyeckas MoOJelb HAa3bIBaCTCS  8€POAMHOCHIHBIM
RPOCMPAHCMEOM.

O

Onpeodenenue 1. Knaccuueckum 6epoamnocmHuslmM RPOCMPAHCHEOM HAZBIBACTCS TPOMKa

(Q,F ,P), rae Q:{col,(oz,...,co”} — HEKOTOPOE€ MHOXKECTBO, COCTOSIIEE M3 KOHEYHOTO 4YHCiIa

OJICMCHTOB, F - COBOKYIMTHOCTBb BCE€X IMOJMHOKECTB MHOKCCTBA Q(BKJ’IIO‘IB.H camo QQ m IMyCcTOC
MHOXCCTBO @), P - (I)YHKI_II/ISI, ONpCACIICHHAA Ha F CJICAYOIINM o6pa30M: CCJIN IMOJMHOXKECTBO

m
AeF cocroutr u3 m oanemeHToB, To P(A)=—. Ilpu 5TOM 53JIEeMEHTHl ®, Ha3bIBAIOTCA
n

INIEMEHMAPHBIMU COOBIMUAMU, MHOXKECTBO () — NPOCMPANCHIBOM ITIEMEHMAPHBIX COObIMUIL,
MHOXkecTBO A — codbimuem, cobvite (2 — Oocmoeepnvim codbimuem, cobObiTie & —
HeBO3MOMNCHBIM COObIMUEM, COBOKYITHOCTb COOBITUH F — ancedpoii codovimuii, GyHkuus P —
6€POAMHOCMBIO.

U



Jlexuus 1 o Teopuun BeposSITHOCTEN

VYcinoBUMCS YMCIIO AJIEMEHTApHBIX COOBITUMH, U3 KOTOPBIX COCTOUT cOObITHE A (U KOTOpBIE

10 ATOM MPUYMHE HA3BIBAIOTCS O1azonpusmcmeyiowiumu coobiTiio A), 0003Hadath yepes |A|. U3

onpezneneHus 1 noisyyaem: P(A):@, P(Q):@:E:I, P(@):@:Q:O, P(@k):m:l, rjae
n n o n n o n n o n

k=1,2,...,n. W3 mocneaHero paBeHCTBA, B YaCTHOCTH, CIEIYeT, YTO MAaTEMAaTHYECKYI0 MOJIEIb,
MOCTPOCHHYIO B IpuMepe 1, MOKHO CUUTATh KIACCUYECKUM BEPOSTHOCTHBIM MPOCTPAHCTBOM.

Ipumep 1 (mponomxenue). Ilyctb A4, (cooTB. 4,) — coOBITHE, COCTOSIIEE B TOM, YTO

BBIIIABLIEE B pe3ysbTaTe OpOoCaHMsl KOCTU 4YHCIIO AenuTcs Ha 2 (cooTB., Ha 3). Brrumcioum
BeposATHOCTU coObiTuil 4, U A4,. Tak kak Azz{coz,co4,oa6}, a A3:{(03,(06}, TO TPUMEHSIA

KIIACCUYCCKOC OMPECACIICHUC BCPOATHOCTU, UMECM:

U
Ipumep 2. U3 xononapl, conepxaiieid 36 xapt, Hayqady BblOMpaeTcss onHa kaprta. Haiitu
BEPOSITHOCTh TOTO, YTO 3Ta KapTa OyOHOBOW MacTH.

1
CunTtasi, 4TO BEPOSTHOCTh M3BATHS M3 KOJOABI JHOOOW KapThl paBHA 36 MOJKHO

MIPUMEHHUTH KJIACCHYECKOe oIpeeeHne BeposTHocTu ¢ n=36. Ilyctb A — coObiTHE, cocTosIIee B
TOM, 4TO BEIOpaHa KapTa OyOHOBO# Macth. Tak Kak Bcero B Komoze 9 GyGHOBEIX KapT, To |A|=9.

[TosaTomy P(A):i:l.
U
Ipumep 3. OnHOBpeMEHHO OpocaroTcsi Be MOHEThl. KakoBa BEpOSITHOCTh TOTO, YTO HA
00enx MOHEeTaX BBITIAJICT pemka?
[IpenmonoxuB, 4T0 pe3ylnbTaThl OPOCAHWN PABHOBEPOSTHBI, MPHUMEHUM KIACCHYCCKYIO
cxemy. Torma mpOCTpPaHCTBO DJJIEMEHTAPHBIX COOBITHH €2 MOXHO paccMarpuBaTh Kak
COBOKYITHOCTH TIap (opeJ1, pemka), (open, open), (pelika, pemka), (pemka, open), To ecTb n=|Q)=4.

SIcHO, YTO BEpOSITHOCTD IEMEHTAPHOTO COOBITHS (pelliKa, pelika) paBHa 1

O

Ipumep 4. Tlaptus w3 100 m3genuii comepxkut 10 OpakoBaHHBIX u3nenuii. Kakopa

BEPOSITHOCTh TOTO, YTO CPEAU BBHIOPAHHBIX HayAauy MATH U3JEIUNA POBHO JIBAa M3ACTUS OKAXKYTCS
OpakoBaHHBIMHU?

[Ipenmomnaras, yTo Kaxaas BeiOOpKa nsaTu uznenuit u3 100 paBHOBeposTHA JTIOO0H qpyroit

Takol e BBIOOPKE, MPUMEHUM KJIacCHYECKyl0 cxeMy. Kak H3BeCTHO, YHCIO KaueCTBEHHO

pasIMYHBIX BEIOOPOK (HIIH, YTO TO K€ CAMOE, YUCIIO COYETAHHi) U3 I 3JIEMEHTOB 110 K paBHO:

‘ r!

C; :m : )

[TosTOoMy B Hamiem ciydae n:|Q|:C1500. [Tycts A — coObITHE, COCTOSIIEE U3 BRIOOPOK, COAEPIKAIIUX

7Ba OpakOBaHHBIX M3/€NMS M TPU KadeCTBEHHBbIX. Tak Kak JBa OpakOBAaHHBIX H3JETUS MOXKHO
U3BATh TOJNBKO M3 10-TM OpakOBaHHBIX, TPU KaueCTBEHHBIX u3jenus — u3 90 kKauecTBEHHBIX U
Kaxx/1as OpakoBaHHasl apa MOKET MPU BBIOOPE COCTBIKOBATHCS € KaXJA0H KauyeCTBEHHOM TPOUKOH,
TO YHCJIO JIEMEHTAPHBIX COOBITUH (MATEPOK U3ETHi), OJaronpusATCTBYIOIUX COOBITHIO A paBHO

|A=C;,-C;, . Taxum o6pazom,



Jlexuus 1 o Teopuun BeposSITHOCTEN

A A):@: cfo-cjoz 5195108901 _ 344-5:958:9-10-87:88-89-90 _
n C, 100:2-8:3187! 9596-97-98:99-100-2!-8:3:87!

_ 45910-88-89-90 1335

©96-97-98-99-100-2 19012

~0,07.

JleiicTBust Hasl COOBITUAME. Anrebpa coObITHI

B npanpHeiimem Mbl OyzneM paccMaTpuBaTh HE TOJIBKO KJIACCHUYECKUE BEPOSITHOCTHBIE
MPOCTPAHCTBA, TJ€, B YaCTHOCTH, () KOHEYHO, HO M Takue, y KOTOpPhIX {2 MOXKET OBITh
MIPOU3BOJIbHBIM MHOKECTBOM. B 3TOM mocinenHem ciiydae Ha COBOKYIHOCTb COOBITHH F (CM.
onpezeneHue 1) HyKHO HaKJIaJbIBaTh JOTIOJHUTENIbHbBIE TPEOOBaHMsI, TaK KaK cXema

«F = COBOKYITHOCTh 6ceX TMOJIMHOKECTB 2 »
HE J1aeT BO3MOXKHOCTEH JUIsl MPOAYKTUBHOTO Pa3BUTHUS TEOPUH.

HUrak, myctp €2 — TPOU3BOJIBHOE MHOXKECTBO (MPOU3BOJIHLHOE MPOCTPAHCTBO
AJIEMEHTApHBIX COOBITUH), @ F — Kakas-TO COBOKYIMHOCTb IOJMHOECTB (coObITuil) Ha Q. Jlnga
ompezneneHHocTH ) Mbl OylneM H300paxarbh KBaJpaToM, a COOBITHS M3 F — KpyramMud B 3TOM
kBazpare. [lycte A u B — cobbITHs us F.

Cymmon coopituii A u B HaszwBaeTcsi coOwmitne A+B,
COCTOSIIIEE U3 DIIEMEHTAPHBIX COOBITHUMH, OJAaronmpHUsITCTBYIOIINX I10
KpaiiHeil Mepe oaHOMY U3 coObiTuil A unu B. Oto o3Haudaer, uToO
cooriTie A+B coBepmiaeTcsi TorJa W TOJIBKO TOTJa, KOTa
coBepmIaeTcst XoTs Obl 0HO u3 coObTui A wim B. ['eomerpuyecku
CyMMe COOBITHI COOTBETCTBYET oreparusi 00beAMHEHNS MHOXKECTB.

Ilpou3seeoenuem coopituii A u B HazwsiBaeTcst coobiTre A-B,
COCTOsSIIEE M3 JJIEMECHTAPHBIX COOBITHHA, OJAroNmpUsATCTBYIONIUX
OJHOBPEMEHHO M COOBITHIO A, U coObiTuio B. DT0 03Hauaer, 4To
coobiTie A-B coBepmiaeTcss TOrIa M TOJBKO TOI/A, KOTJA
coBepmraroTcsi 06a coopiTusa A u B. ['eomeTpuueckn nmpousBeACHUIO
COOBITHI COOTBETCTBYET OIEpaIis EPECCUCHHS] MHOKECTB.

TS

Hpomueononoofcublm CcOOBITHIO A Ha3BIBAETCSI COOBLITHE

A, COCTOSIIIEE u3 AJIEMEHTaPHBIX COOBITHH, HE
A ONaronpusATCTBYIOMUX COOBITHIO A. DTO 03HAYaeT, YTO COOBITHE A
Z COBEpIIAeTCS TOTJAa W TOJBKO TOTrJAa, KOTJa HE COBEPIIACTCS
cobbiTie A. [T'eoMeTpUYECKH TPOTUBOIOIOKHOMY COOBITHIO
COOTBETCTBYET OMEpalus JOTOTHEHUS MHOKECTBA.
Omneparuu HaJl COOBITHSAMU TOTIMHSAIOTCS TOYHO TE€M JK€ 3aKOHaM, YTO W OIepaliyd HaJl
MHOkecTBamMu. Hanpumep, cripaBeanuBbl cooTHomeHus (3akoHbl Jle Moprana):
A+B=A-B, A-B=A+B.
Yurarento peKOMEHIyeTCs 1I0Ka3aTh 3TU COOTHOIICHHUS.
Onpeodenenue 2. COBOKYIHOCTh F MOJMHOXECTB MHOXecTBa (2 Ha3bIBaeTCsl a12efpoil

coovimuii, ecii Qe F mecnm A+BeF, A-BeF, AcF s moosix AcF uBeF .
0
Tak kak Q=C, To U3 ompejeNeHHs 2 HeMeIeHHO cienyer, uto D eF s moboit
anredpsl cOOBITUH F.



Jlexuus 1 o Teopuun BeposSITHOCTEN

Ilpumep 5. Ilyctp Q=R — MHOXECTBO BCEX ACHCTBUTENbHBIX uncen. O603HaunM uepes F
COBOKYITHOCTh KOHEUHBIX OOBEIMHEHHWI WHTEPBAJIOB BHJIA [a, b) , KOTOpBIE MBI Oynem

MHTEPIIPETUPOBATh KaK COOBITHS, COCTOSIIUE B MOTAJaHUU TOYKH B 3TOT MHTepBai (eciu a wim b
OECKOHEUYHBI, TO ATOT MHTEPBAJ TAK)XKE€ CUUTACTCS BXOAIIUM B F). UnTaTemro mpenocTaBiseTcs

BO3MO’KHOCTb J10Ka3aTh, YTO F — anredpa coObITHIA.
U



Jexyus 2 no meopuu eepoamuocmeit

YACTD 1: IIEPBOHAYAJIBHBIE OITPEAEJIEHUSA U ®AKTHI
Jlexuums 2
Oo01iiee onpezeneHne BEPOATHOCTHOTO IPOCTPAHCTBA

W3 omnpenenenuss 2 BBITEKAeT, 4TO eciU ainreOpa coOBITUH F COIEPKUT KOHEUYHYIO

n
COBOKYIIHOCTb COOBITUH A, A4,,...,A,, TO OHa COIEPKHUT M COOBITUS UAk:=A1+A2+...+An "

k=1

no

ﬂAk::Al-Az-...-An. Onnako, BooOIIIe TOBOPs, HEBEPHO CIEAYIOIIEE YTBEPXKICHUE: €Clii anredpa
k=1

COOBITUH F COZEPKUT OECKOHEUHYIO IOCIEN0BATEIbHOCTh COOBITUN A, A4,,...,4,, 4 .., TO OHa

n+l> *

COJEPAKHUT COOBITHSA UAk::A1+A2+...+An+A
k=1

a1 T---(KOTOPOE BBIIIOJIHACTCS, €CIM BBINOJIHACTCS

o0

XoTss Obl OmHO U3 cooObrTui A4, 4,,...4,,4,,,..) 1 ﬂAk::Al-Aza..-An-AnH-...(KOTopoe
k=1

BBITIOJIHSICTCSI, €CITH BBIMOJTHSICTCS KaKI0€ U3 cOObITHI A, A4,,...,4,,4, ./, ...).

1 0
Ilpumep S5 (npopomxenue). Ilycte A4, :[;,lj. Torma UAk :(0,1), OJIHAKO SICHO, YTO
k=1

1 00
OTKPBITBIA UHTEPBAI (0, 1) HE BXOAMT B airedpy F. AHamoruyHo, ecinu 4, ={O, %) , TO ﬂAk ={0} ,
k=1

0JIHAKO OJIHOTOYEYHOE MHOXKECTBO {0} He BXOIMT B F.

U
Onpedenenue 3. Anrebpa F Ha3pIBaeTcs G-anreOpoi, ecnu u3 toro, yro A € F npu Beex

k=1,2,3,..., cmeayer, 4To UAk eF .
k=1
U

o0 0
U3 merko JOKa3bIBA€MOI'0 COOTHOIIICHUA mAk :UAk CIICOYET, YTO €CIIN F— G-anre6pa u
k=1 k=1

A €F mpu Bcex k=1,2,3,..., T0 ﬂAk eF .
k=1

MosHO I0Ka3aTh (IOKa3aTelbCTBO HE BXOJMUT B HAIIy MPOTPaMMy), 4TO ISl JIFOOOU
anreOpsl COOBITUH F CyIIeCTBYET HAUMEHbIIIAs G-aireopa F , cozeprkarmas F.

Ilpumep 5 (npopomxkenue). B ycnoBusix naHHOro mpumepa G-aiaredpa F  HasbiBaeTCs
6openeBckoil G-anreOpoit Ha Q2=R. CTpykTypa F mocrarouso cnoxsa. B YaCTHOCTH, F
COJICPKHUT BCE OTKPBIThIE HHTEPBAJIbI, OTHOTOYEYHbIE MHOXKECTBA U T.I. OJTHAKO MOXKHO J0Ka3aTh,
YTO CYIIECTBYIOT MOJMHOXecTBa R, He MpHHaIjIeKaIue F (3T MOJMHO’KECTBA JJOCTATOYHO
9K30TUYHBI U MBI HUKOT/Ia HE OyJleM UMETh C HUMU JIeNia).

0
Onpeodenenue 4. Bepoamuocmuvim npocmpancmeom Ha3bIBaeTCs TPoOiika (Q,F ,P), rjae

() — Mpou3BOJILHOE MHOXECTBO, F — G-anredpa MOAMHOXECTB MHOXecTBa ), P — ¢ynkuus,
onpezeNeHHas Ha F 1 yIOBIETBOPAIONIAs CIEIYIOLUM YCIOBHSIM:



Jexyus 2 no meopuu eepoamuocmeit

1. (Axcuoma monoxurenbHoctd). s moboro Ae F  [P(A)=0| To ecth BEPOATHOCTH
T000T0 COOBITUSI HEOTPULIATENBHA.

2. (Axkcuoma HOpMHpPOBKH). [P(€2)=1, TO ecThb BEpOSTHOCTH IOCTOBEPHOTO COOBITHS
paBHa eUHHMIIE.

3. (Akcuoma c-ammutuBHOCTH). Ecnu copepikamiasics B F mociaeq0oBaTeIbHOCTh COOBITUM

A, Ay, A LA

n+l2

% © n
... TAKOBA, UT0 A,;-A, = 1pu BCeX i#j , TO P(UA,{):ZP(A,{ )::lE?OZP(Ak ).
k=1 k=1 k=1
U
3aMeTuM, 4UYTO TEPMHUHBI, CBA3aHHbIE C OOIIMM OMNpPEICICHHEM BEPOSATHOCTHOTO
MPOCTPAHCTBA, COBMAAAIOT C TEPMUHAMHM, JaHHBIMH B ompenencHun 1. Jlajmee B 3TOM ITyHKTE MBI
OyneM paboTaTh B HEKOTOPOM (PMKCUPOBAHHOM BEPOSITHOCTHOM IIPOCTPAHCTBE (Q, F ,P).
Onpeoenenue 5. CobbiTuss A 1 B Ha3bIBalOTCS HecoémecmHubiMu, €Clli BEPOATHOCTh UX
MPOU3BECHHS paBHA HYJIO, TO ecTh eciu P(A-B)=0.

[

CBOHCTBa BEPOSATHOCTH

1.|P(A)=1-P(4)|

Hoxazamenvcmeso. Tak xak A+A=Q n A-A=C, To NpUMEHsS aKCHOMY 3 BEpPOSITHOCTH

(cm. omnpenenenne 4), nomydaem P(A)+P(A)=P(Q), OTKyia O aKCHOME HOPMHPOBKH
P(A)+P(A)=1, 10 ectb P(A)=1—P(A).

N

Cneocmeue. Tak kak D=Q, 10 P(D)=P(Q)="1-P(Q)=1-1=0, 10 ectp |P(D)=0

(BEpOSATHOCTH HEBO3MOKHOTO COOBITHS paBHA HyI0). OTCI0/Ia B CBOIO OYEPE.lb CIICIYET, YTO €CIU

A-B=, Tto coObitusi A u B HecoBMmecTHBI (B JMTEpaType 4YacTO HMMEHHO COOTHOIIECHHE

A-B={J ipuHuUMaeTcs 3a onpeeIeHne HECOBMECTHOCTH COOBITHIA).
2.|P(A+B)=P(A)+P(B)—P(4-B)],

Hokazamenvcmso. CrnpaBeyIuBO paBeHCTBO A+B=A+A-B (nedcTBuTenbHO, eA+B

PaBHOCHJIBHO TOMY, 4To JH00 €A, mbo weB, Ho He BxoauT B A). Tak kak A-(Z-B):
:(A-Z)-B:®-B:®, TO T10 aKCHOME 3 BEPOSTHOCTH UMEEM: P(A+B):P(A+Z-B):P(A)+P(Z-B).
C npyroit cTopoHsl, Tak kak B=A-B+A-B u (A-B)-(Z-B):(B-A)-(Z-B):B-(A-Z)-B:B-Q-Bz@,
TO MO TOM ke akcuome 3 P(B):P(A-B)+P(Z-B), OTKy/1a P(Z-B):P(B)—P(A-B). [ToncraBnsis
3TO B paHee MoTydeHHoe Bhipaxkenue ans P( A+ B), monyuaem Tpebyemoe.

O
Cneocmeue. Jnsg mobwix cobpituii A u B |P(A+B)SP(A)+P(B)|. Ecnu coobitust A u B

HECOBMECTHBI, TO cripaBeuiuBa Gpopmyna: P(A+B)=P(A)+P(B).

3. Ecnu u3 coOwitus A cnenyet cobbitre B (To ectb ecmtu AcB), To P(A)<P(B).

Joxasamenvcmeso. Tak kak ACB, To A-B=A, mostomy paBeHctBo B=A-B+A-B naer
paBeHcTBO B=A+A-B. TlosTomy P(B):P(A+Z-B):P(A)+P(Z-B)2P(A).

Teopemuueckue ynpaxcnenus. 1) Jlokazats, 4to
|P(A1 +4,+4;)=P(A4)+P(A4,)+P(A4;)-P(A4,-4,)—P(A,-A;)—P(A,-A; )+ P(4, 'Az'A3)|-
2) BeiBectu popmyny st P(A,+A4,+...+4,).
3) Hokazate, uto P(A4,+A,+...+A4,)<P(A)+P(A4,)+...+P(4,).
7
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IIpumep 6. B kHMXHOM mIKady B CIIy4ailHOM MOPSKE paccTaBiIeHO 15 KHUT, mpuyeMm 5 u3
HUX B TBepAoM mneperere. CTyneHT Oeper Haynady 3 kHUrM. HaliT BepOATHOCTH TOTO, YTO XOTS
ObI OJTHA U3 B3SATHIX KHUT UMEET TBEPAbIi MeperieT.

Hepayuonanvusiii, Ho novuumenvhuiii cnocob peuwtenus. Ilycte A — uckomoe coObITHE
(cocTosmiee B TOM, YTO XOTs OBl OJHA M3 B3ATHIX KHHUT HMMEET TBEPAbIA meperuier). Beemem
CIIEAYIOIUE COOBITHS: A, — U3 B3ATHIX KHUT POBHO OJIHA UMEET TBEPJBIA MeperuieT, A, — POBHO

JIBE UMEIOT TBEPIBIN Mepemer, A, — poBHO TpH. SIcHO, uTo A=A +A,+A,, npudeM coObITUs 4, ,
A, m A, ynOBIETBOPAIOT YCIOBHIO, BXOJALIEMY B aKCHOMY G-aqauTHBHOCTU. [IpumeHss sty
aKCUOMY, MOJTydaeM:

P(A)=P(A,+A4,+A4,)=P(A)+P(A,)+P(4,).
BepostHocTH coObITuil 4, A, 1 A, HaXOAATCS C TIOMOILBIO TEX K€ PACCYKICHUH, KOTOPbIE ObUIH
MIPOBEJICHBI MPU HAXO0XKICHUH BEPOSITHOCTH COObITHSI A B ipumepe 4. Takum oOpa3oM Moyyaem:

C.-C* 45 C:.C 20 c: 2
Aa)=—pt=g Al =g Ad)=c=g;

O P(4 —£+§+3—ﬂ
KOHYAaTCJIbHO, —91 91 91—91 .

Payuonanvnoe peuwienue (nepexoo K npomugonoaodicHomy cobvimuio). CoOviTre A

(cocrosimiee B TOM, YTO XOTs Obl OJIHAa U3 B3ATHIX KHUT MMEET TBEPAbIN MeperuieT) u coositue A
(cocrosimee B TOM, 4YTO HHM OJHA U3 B3ATHIX KHUTI HE HMMEET TBEPAOIo IMepersera) —

IIPOTUBOIIOJIOXKHBIE coObITHA. Ilo  cBoiictBy 1 BepostHoctH P(A)=1-P(A). BeposTHOCTS

— . C
coObITUS A BBIUUCIACTCS AHAIOTMYHO BEPOATHOCTU coObltus A;: P(A :C—?:a. [TosTomy
15
24 67
P(A)=1-—=—.
91 91

He3zaBucumeie cOOBITHS U YCJIOBHBIC BEPOATHOCTH

[Ipu pereHuu 3a7a4 CBOMCTBO 2 BEPOSTHOCTH MPUMEHSETCS Yallle BCETO, €CIM COOBITHS
A u B He3aBucumbl. Ha WHTYyHUTHMBHOM s3bIKE, COOBITHE A HE 3aBHUCHUT OT coOwiTHs B, eciam
peaynzanusi COOBITHS A He 3aBUCUT OT TOT'O, COBEPIIMIIOCH cOObITHE B mim Her. MaremaTuyeckas
peanu3aiysi HHTYUTHBHOTO TOHSTHS HE3aBUCUMOCTHU COJIEPIKUTCS B CIICIYIOIIEM OTPE/ICICHHUH.

Onpeodenenue 6. CobbiTs A u B Ha BEpOATHOCTHOM MPOCTPAHCTBE (Q, F ,P) Ha3bIBAIOTCS

HE3aBHCUMBIMH, €CJIU
P(A-B)=P(A)-P(B). 3)
CoObitus 4,,4,,...,4,,4,,,,... TOro e BEpOATHOCTHOIO NPOCTPAHCTBA HAa3bIBAIOTCS

HE3aBUCUMBIMU B COBOKYITHOCTH (COOTBETCTBEHHO, IOMAPHO HE3aBUCUMBIMHU), €CIU AJs J1I000ro
KOHEUHOro Halbopa HaTypajbHBIX uHcen [ <i,<...<i, (COOTB., JJs JBYX JIOOBIX HaTypaJbHbIX

yucen i <i,) BBIIOJHAETCS PaBEHCTBO P(Al.l -Al.z'...-Al.k):P(Ail)-P(AZ.Z)-...'P(AZ.k) (cooTs.,

P4,-4,)=P(4,)P(4,)). .

Omnpenenenne 6 AOCTaTOYHO CIOKHO I IEPBOTO BOCHPUATHUS M Mbl K HEMY €Il
BepHeMcs 111 0oJiee NoApoOHOro 00CYKIEHUS. A celfuac pelnM CIEAYIOUIyIO 3a1ady.
Ilpumep 7. PacCMOTpUM 4acTh DIEKTPUYECKOM LIEIIN:
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W—&)

BepostHOCTh Oe30TKa3HON paboTsl nneMeHTa A4, paBHa 0,7, anementa 4, — 0,8, anementa A, —
0,9. HaiiTu BeposITHOCTb TOTO, YTO TOK IO LIETH MPOMIET.

OO6o3naunm uepe3 4,, A, u A, cobObiTusa, cocrosimue B OecrepeOoiiHON paboTe
COOTBETCTBYIOIIUX 3JeMeHTOB. Torma P(Al)=0,7,P(A2)=0,8,P(A3):0,9. [lycte A — coOsiTHe,
COCTOsIIIeE B IPOXOXKJIEHUM Toka o uenu. Torma A=A4,-A,+A,. Ilo cBOlcTBY 2 BepOsATHOCTU
nmees: P(A)=P( A -4, +4,)=P(4,-A,)+P(4)~P( 4 -4, 4;) . Tak KaK dneMents! uemn paGoTaior
HE3aBUCUMO, TO COOBITUS A4, A, U A; MOXKHO CUMTaTh HE3ABUCUMBIMH B COBOKYITHOCTH B CMBICJIE
ompenenenmss 6. Iootomy P(4-A4)=P(4)PA4,) n PA-4-4)=P4)P(4)P4,).
OkoHYaTEIbHO UMEEM:

P(A)=P(4,)-P(4,)+P(4,)-P(4,)-P(4,)- P 4,)=0,56+0,9-0,504=0,956 . 0

Crnenyromuii mpumep (pazdop KOTOPOTO MPEIOCTABISAETCS YUTATENIO) MOKA3bIBAECT, UTO
COOBITHSI MOTYT OBITH TIOTIAPHO HE3aBUCUMBIMH, HO HE OBITh HE3aBHCHMBIMU B COBOKYITHOCTH.

Ilpumep 8. Ilycth Qz{(x,y): OSxSl,OSySI} — KBagpar Ha miockoctu xOy, F — o-

anreOpa OOpENIeBCKUX TOJAMHOXKECTB JTOrO KBajapara (TO €CTh HaWMEHbIas G-airedpa,
cojiepxariasi BC€ MPSMOYTrOJIbHUKH, BXOAsmue B kBampar), a P(A)=niowaobA nna AeF .

1 1 1 1
Paccmorpum  coObITHS: Alz{(x,y):xéa}, Azz{(x,y):yéz}, A3:{(x,y):(x—§)-(y—E)SO}.
IToctpouts MHOXECTBa A4,,4,,A;. loka3ars, 4To coObITHS A4, ,A,, A, NONApHO HE3aBUCUMBI, HO HE

SIBIISTFOTCS] HE3aBUCUMBIMH B COBOKYITHOCTH.
U
Onpeodenenue 7. Tlycth A — (duKkcupoBaHHOE COOBITHE M3 C-aIredOpbl F , Takoe, 4TO
P(A4)>0. Ins moboro B € F  onpenenum HOBYIO (hyHKITHIO:
P(A4-B)
P(4) (4)
Ota (QyHKIMS HA3bIBACTCS YCIOBHOW BEPOSITHOCTBHIO COOBITHS B mpw ycinoBuu, uto coObiTHe A
OCYIIECTBHIOCH (MJIH IIPOCTO npu ycaosuu A).

P(B|4)=

O
Nuorna nemnecoodpa3Ho MoIb30BaThCs CASAYIOMIUM 0003HAUCHUEM: P! (B)=P(B|A) .

. A
Teopemuueckue ynpasichenus. 1) JlokazaTh, 4TO JIJIsi TPOUKHU (Q,F P ) BBITIOJTHSFOTCS

BCE AKCHMOMBI BEPOSATHOCTHOTO MpocTpaHCTBa (cM. ompeneneHue 4). Ota Tpoiika Ha3bIBaeTCs
YCIOBHBIM BEPOSITHOCTHBIM MIPOCTPAHCTBOM.
2)C moMoIIpI0 MeTo/1a MaTeMaTHUeCKONH WHAYKIIUU T0Ka3aTh POpMyTy:

P4 Ay A)=P(A ) P(A,]A ) P(A, |4, Ay A, )|
OTMeTHM cleAyrolIne MPOCThIe CBOMCTBA HE3aBUCUMOCTH COOBITHI:
1. MocroBepHOoe coObiTHE (2 M HEBO3MOXXHOE COOBITHE (J HE3aBHUCHMBI HU OT KaKOIo
JPYroro coObITHS.
2. HecoBMecTHBIE COOBITHUS TTOJIOKUTEILHON BEPOSITHOCTH 3aBUCUMBI.
3. Ilycts P(A)>0. CobOpituss A u B HeszaBucuMBI TOrga W TOJBKO TOT/A, KOTJa

P(Bl4)=P(B).
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YACTbD 1: IIEPBOHAYAJIBHBIE OITPEJAEJIEHUA N ®AKTHI
Jlekmusa 3

Ilpumep 9. VYpHa conmepXUT 3 KpacHBIX M 2 4UepHbIX mapa (mapsl 1o ¢dopme
HEPa3IUYUMBbI). JKCIEPUMEHT COCTOUT B TOM, 4YTO M3 YpPHBI Hayaady IOCIIEA0BATEIHLHO
BbIHUMAatOTCs 2 1miapa. [Iyctes A — coObITHe, COCTOSIIEe B TOM, YTO TMEPBBIM M3BAT KPACHBIH 1Iap, a
B — coOrITHE, cocTOsIIIEe B TOM, YTO BTOPBIM BBIHYT KpacHbIH map. HaifTu yciioBHBIE BEpOSTHOCTH

P(Bl4) u P(B4).

Pewenue, ucnonvsyrowee unmyuyuro. Beraucium P(B|A). Tak kak coOwiTHe A

COBEPIIMJIOCh, TO MEPBBIM MbI BBIHYJIM KpacHbIi map. CrneaoBaTreinbHO, B ypHE OCTaloCh 2
KpacHbIX M 2 uepHbIX wmapa. [lociae 3Toro BeposATHOCTb JOCTaTh BTOPOM MIAp BBIYUCISETCS IO
2 1 —
KJIACCHYECKOU CXEME: P(B|A):Z:5' AHaIOTMYHO paccyxkasi, MoaydaeM P(B|A):Z .
Pewenue, ucnonvzyrowee onpedenenue 7. Illomernm xpacHsie mapsl nudpamu 1, 2 u 3, a
yepHble mapbl — uppamMu 4 u 5. OueBUIHO, IPOCTPAHCTBOM 3JIEMEHTAPHBIX COOBITUN (2 MOKHO

CUHTATh COBOKYIHOCTH YIOPSJIOUYEHHBIX Iap (co O j), rae i,j=1,2,3,4,5 u i#j (nmocineanee
YCIIOBHE TPOMCTEKAET M3 TOTO, YTO €CIM IEPBHIM BBIHYT IIap ®,, TO TaK Kak B YpHYy OH He

BO3BpAILAETCs, TO BO BTOPOI pa3 €ro BHITSHYTh HEJb3s). Tak Kak B MEPBbI pa3 MOXKHO BBHITSIHYTh
ONMH W3 TIATH IIApOB, a BTOPOH pa3 — OAMH U3 deThipeX, To |()=5-4=20. CobwitHio A

OJIarOTIPHUATCTBYIOT AJIEMEHTAPHBIEC COOBITUS (0)1.,0) j) , Y KOTOpBIX | mpoberaet 3HaueHus 1,2 u 3, a

j mpoGeraer 3mHasenus ot | no 5, npuuem i#j. OueBunno, |4=3-4=12. CrnenopareibHo,

A 12 3 . .
P(A)z%zz—ozg. [IpomsBenennio A-B GIaronpHATCTBYIOT Taphl (co[,(o j), y KOTOpBIX | H j
npoberator 3mauemms 1, 2 u 3 (i#j). CnuenosaremsHo, |A-B=3-2=6. Ilodromy
i) A6 3 , Pa)- B33 ]

. ===, cM. = ==,
] ~20- 10 !lpmverss ompenenemie 7. moysae PO 1052
AHaIOTUYHO BBIYHCISIETCS P(B|Z ):0,75 .
U

Onpeodenenue 8. COBOKYIIHOCTb COOBITHI {HI,HZ,...,H”} IIOJIOXKUTENHEHON BEPOATHOCTH

Ha (Q, F ,P) HA3bIBAETCS MOJIHOM TPYIIION TUIIOTE3, €CIIU:

1) coObITHs { H, ,Hz,...,Hn} MOTIAPHO HECOBMECTHHI (CM. OIpeneneHue S);
2) H+H,+..+H =Q.
0
Teopema 1 (popmyna nonHOW BeposiTHOcTH). Ecnn {Hl,Hz,...,Hn} — IOJHAsl Tpymma
TUIIOTE3 HA (Q, F ,P), TO BEPOATHOCTH JII000TO coObITHSI A € F  MOXHO BRIUMCIUTE 110 (hOpMyIIe:
P(A)=P(AH, )-P(H,)+P(AH,)P(H,)+..+ P(4H,)-P(H,). (5)
Jns  jokazaTenbCcTBA 3TOM  TeopeMbl HaM  MOHAAOOMTCS — CleAylolas —JeMMa,

MMpeaACTaBJIAOIIAA U CaMOCTOSTEIbHBIN HUHTEPECC.

Jlewma 1. Ecim cobweitus A4,,4,,....4,,4 MOMapHO HECOBMECTHBI (B CMBICIIE

ntls oo

ONpCACIICHUA 5), TO CBOMCTBO G-aJJUTHUBHOCTH U3 ONpCACIICHUA 4 BBIIIOJTHACTCA, TO €CTh

P(Al+A2+...+Aﬂ+...):P(A1)+P(A2)+...+P(An)+...

10
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Hoxazamenvcmseo _nemmul 1. B cinydae, ecam  COOBITHH  1Ba, pPaBEHCTBO

P(A1 +A2):P(Al)+P(A2) clIeyeT U3 CBOMCTBA 2 BeposATHOCTH. Ecau uucio coObITHil KOHEYHO, TO

JAHHOE PABEHCTBO MOKHO JI0Ka3aTb C IIOMOINBIO METOAAa MaTeMaTHMYeCKOW HMHIAyKUuH. Ecnu

COOBITHS 00pa3yl0T OECKOHEUHYIO M0CIEN0BATENLHOCTD, TO JOKA3aTEILCTBO HECKOJIBKO CIIOKHEE U
IPEJOCTABIACTCS YUTATEIIO B KAYECTBE HEOOA3ATEIIBHOTO TEOPETUYECKOTO YIIPAKHEHHUS.

U

Hokazamenvcmeo meopemoi 1. YMHOXasi 00e yactu paBeHctBa H,+H,+..+H, =Q Ha

cobbiTie A, momyuaeM coortHomenue: A-Q=A-H +A-H,+..+A4A-H, . ScHo, uro A-Q=A4.
Herpynno Buzaers Taxke, uto coobitus A-H,,A-H,,...,A-H, nonapHO HECOBMECTHBI. JlokaxeM
3TO, HaNpuMmep, it coobituii A-H, u A-H, . Umeem:
P(4-H ) (A-H,))=P(4-4-H,-H,)=P(4-H,-H,)<P(H,-H,)=0

(B 2TOM I1EMOYKE HEPAaBEHCTBO MBI 3alucaid B CHUJIy CBOWcTBa 3 BepositHOcTH). UTak,
P((4-H,)(A-H,))<0. Tax xax scerma P((4-H,)(A-H,))20, 10 P((4-H,)(4-H,))=0, uto u
JI0Ka3bIBa€T HECOBMECTHOCTb cOObITUI A-H|, u A-H,.

IIpumenss nemmy 1, nomyuaem: P(A)=P(A-Q)=P(A-H,)+P(A-H,)+..+P(4A-H)).
[Ipunumast Bo BHUMaHue Ghopmymy (4), nMeeM:

P(A-H)=P(AH,)P(H,), ((4-H,)=P(AH,)P(H,),...P(4-H,)=P(AH,)P(H,),

OTKyJla ¥ BBITeKaeT Gopmyina (5). l

Ilpumep 10. Tlycth MBI HaxOIWMCS B paMKax ycioBui mpumepa 9. TpeOyercss HailTh
P(B).

3aMeTUM Mpexkae BCero, 4To B OTJIMYUE OT MpuMepa 9 HaM HUYErOo HE MU3BECTHO O TOM,
coBepmiIoch i codbiTie A unu HeT. [loaToMy ecTecTBeHHO BBeCTH runoressl H =4 u HZ:Z .

OdyeBuHO, YTO {HI,HZ} — monHas rTpymma runote3. [lo gopmyne (5) momHON BEpOSATHOCTH
UMeeM:

P(B)=P(BH,)-P(H,)+P(B|H,)-P(H,).
[IpucyrcTBytonye 31ech YCIOBHBIE BEPOSTHOCTH MBI yXK€ BBIUHCIMIM B IpUMepe 9, a UMEHHO:
P(B |H1) = P(B|A) =1/2, P(B |H2) = P(B|Z) =3/4. Hcnonp3ys KIacCHYeCKOE OIpeaeTIeHue

BEPOSATHOCTH, HUMEEM: P(Hl) = P(A) =3/5, P(HZ) = P(Z) =2/5. CrnenmoBartenbHO,
13 32

P(B)=—>+2220.6. 0
B)=55t4570

Ipumep 11. Tlo uenu MpOU3BEICHO TPU BBICTpeNa. BeposSTHOCTh MOMACTh B IIEJb MPH
nepBoM BeIcTperie (coObiTHe 4,) paBHa p,=0,3, npu BTOpOM BhIcTpene (cobbitne 4,) — p,=0,6,

npu TpethbeM BeicTpese (coObitHe 4,) — p;=0,8. BeposTHOCTh pa3pylIeHUs] LENU MPU OJHOM
nonajganun pasHa 0,4, npu nByx nomnaganuax — 0,7, npu tpex nomaganusx — 1. Onpenenuts
BEPOSITHOCTD Pa3pYLICHHUS IIEIH [TOCIIE TPOU3BEACHHUS TPEX BHICTPENIOB (coObITHE A).

Beenewm cucremy runores3: H; — npou30UUIO OAHO MOMAJaHUE B LieNb, /1, — NPOU30ILIO0
7iBa MONaJaHus B Lenb, H, — Tpu nonaganus, H, — Her nonaganui. SIcHo, uTo { H,H, H,,H 4}

C€CThb II0JIHaA I'pyIilia ruroTes. Brrunciaum BEPOATHOCTH 3TUX THUIIOTEC3.

B nens OCYIICCTBJICHO POBHO OJHO IIOIMaAaHUEC, CCIIM IIPpU IICPBOM BBICTPEIIC OBLITIO
InomaagaHue, a nmpu BTOPOM U TPETBEM — IPOMaAX; UKW IIPU BTOPOM BBICTPEIIC OBLIO nomagaHuec, a
IIpru IEPBOM U TPETHEM — IMPOMaAX; WIHU IIPU TPETHEM BBICTPCIIC OBLIO nomaaaHue, a 1npu rnepBom mu

BTOpoM — mpomax. [loaromy H,=4, -A_Z-Z+Z-AZ-A_3+Z-A_2-A3 , IpUYeM SICHO, 4TO ClIaraeMbl B
HaHHOﬁ CyMMC HOHapHO HCECOBMCCTHEI. CJ'IC,Z[OBH.TCJ'IBHO,
P(H,)=P(4,- 4,4, )+ P(4,- 4, 4,)+P(4,-4,-4,) .

11
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Tak Kak nepBblid, BTOPOM M TPETHM BBICTPENBI HUKAK HE CBSA3aHBI APYr C APYTOM, TO MOYKHO
CUUTaTh, 4TO COObITHA A ,A, U A, HE3aBUCUMBI B COBOKYHHOCTH. M3 3TOro cuemyer, 4to

HE3aBHCUMBI B COBOKYITHOCTH U TPOUKU COOBITUI {Al,A_z,Z}, {Z, AZ,Z} , {Z, A_z, A3} (1okaxkure
sto!). To ecTh
A #,)={4)-P(4,)- (4, )+ P(4) ) P( ) P(A; )+ (A, )- P4, )- P 4,)

CnengoBaTeiabHO,

P(H,)=p,(1-p, )1=p3)+(1=p\)p,(1-p; )+(1=p, (1= P, )P, =0.332.
Paccyxnas anamoru4so, rnojyyaem:

P H, )=p,p,(1=p,)+p,(1=p,) s +{1-p,) p.ps=0.468

PH,)=p,p,p,=0.144,

A H,)=(1-p,)(1-p,)(1-p;)=0.056.

Sanumem TCIICPb  YCIOBHBIC BCPOATHOCTU PaA3pylmICHUA TCIW MpPU BBIIIOJIHCHUU
COOTBCTCTBYIOIIUX T'HIIOTES. Ot BCPOATHOCTH 3a/IaHbI B YCIIOBHU:

P(AH,)=0.4, P(4H,)=0,7, P(4H,)=1, P(4|H,)=0
[Ipumenss dopmyny (5) nMoIHON BEPOSITHOCTH, TOJTy4aeM:
P(A)=P(4H,)-P(H,)+P(4H,)-P(H,)+P(4lH,)-P(H,)+P(4lH,) P(H,) =
= 04-0332+0,7-0468 +1-0,144 +0- 0,056 = 0,6044.

0

[IpencraBum Temepp cebe CHUTyallMio, YTO COOBITHE A  OCYIIECTBUIOCHh. TO
00CTOATENBCTBO TMO3BOJISIET TEPECMOTPETh BEPOSTHOCTH MCXOJTHBIX THITOTE3 {H H,, Hn},

€CThb BBIUHUCIUTH TaK Ha3bIBAEMBIE anocmepuopHvle BEPOSITHOCTU TUNOTEe3 (B OTIMYHE OT
anpuopHeiX BEPOATHOCTEH, KOTOpBIE MOJIY4aloTCS 10 pealu3aluu Kakoro-inbo coObiTus). Peub

UJIET 00 YCIOBHBIX BEPOATHOCTSX P(H1|A), P(H2|A),...,P(H”|A) :
Teopema 2 (popmyna baiteca). [{ns nroboro k=1 2, .,11 CTIpaBeIuBa popMmya:
P(H,|4)= P(A| JAH
P(A|H ) P(H

Loxaszamenvcmeso. [lpumenum (bopMyJIy (4) B AByX BapuaHTax: P(A-H k)zP(H k|A)-P(A) u
P(A-Hk):P(A|Hk)-P(Hk). IToaTomy

A= A () = ")

3amuceisas 1 P(A) bopmyiy (5) MOTHO# BEpOATHOCTH, TIOTydaeM cooTHommeHue (6).

(6)

O

Ilpumep 12 (mpopmomxenue mnpumepa 10). Ilycte B ycnoBusx mnpumepoB 9 u 10

OCYIIECTBUIIOCH coObITHE B (TO ecThb BO BTOpOH pa3 W3 ypHBI BBIHYJIM KpacHbIM map). Kakosa
BEPOSATHOCTb TOT'O, YTO MEPBHIM ObLI BBIHYT TaK)Ke KPacHbIH map?

Tak xak A=H,, To HaM HYXHO BBIYMCIHUTH YCJIOBHYIO BEpPOSTHOCTbH P(H1|B). ITo
¢dopmyine baiieca (6) umeem:

AP AR

=0,5.

12



Jexyusa 3 no meopuu eepoamuocmeii

B paccMoTpeHHOM IIpuMeEpe YCIOBHBIE BEPOATHOCTH P(H1|B) u P(B|H1) OKa3aJIuCh

PaBHBIMH. DTO MOJIYYHUIIOCh COBEPIIEHHO CIIy4aliHO U HE OTPA’KaeT HUKAKON 3aKOHOMEPHOCTH.

Ilpumepl3 (nponomxenue npumepa 11). Ilycts B ycnoBusx npumepa 11 nens paspyuiena
(To ectb coBepmmiock coOsiTue A). KakoBa BEpOSTHOCTh TOTO, YTO MpPHU 3TOM B LIENb OBLIO JBA
nonajaanus’?

OuyeBuaHO, HaIIA 3a/a4ya — BBIYHCIUTH YCJIOBHYIO BEPOATHOCTH P(H2|A). Nmeem mo
dbopmyie (6):

Pl4n,)-P(H,) 0,7.0468
P(H,)4)= A ogoas 05

I'eomeTpuueckass BEpOSITHOCTh

Paccmotrpum  Temepp Gosiee  TOAPOOHO BEPOSTHOCTHOE MPOCTPAHCTBO (Q,F ,P),
BBeJIEHHOE B npuMepe 8. Jlyurie BCcero ¢ 3TUM NMPOCTPAHCTBOM CBSA3BIBATH SKCIIEPUMEHT CTPEIbObI

B kBajpaT () (CuMTaercs, 4TO B ATOT KBAJApaT CTPEJIOK MOTMAJaeT MpHU 00X ycimoBusx). JIroboe
OopeneBckoe (cM. mpumep 8) moaMHOXkecTBO A€ F MBI B 3TOM ciiydyae MHTEPHPETUPYEM Kak

coObITHE, COCTOsIIIEe B TOM, 4TO cTpesok nomnan B A. CMmbIcn paccMarpuBaeMoil BeposiTHocTu P
(nnH, Kak 4acTO TOBOPST, TEOMETPHUUECKON BEPOSTHOCTH) XOPOIIO COTIACYSTCS C MHTYHIIMEH: YeM
00JIbIIIE MJIOIA b TTOIMHOKECTBA A, TeM OOJIbIlIe BEpPOSTHOCTh HACTYIUIEHHS cOObITUS A.
Hcnons3ys 1aHHOE BEPOSITHOCTHOE MPOCTPAHCTBO, MOXHO JIOCTATOYHO JIETKO MOJy4aTb
reoMeTpu4eckue OOOCHOBAHUS MHOTHUX (DAKTOB, [JOKAa3aHHbIX HaMH paHee aHAJIUTHYECKH.
Hanpumep, cBoiicTBO 1 BEpOATHOCTH IT'€OMETPUYECKN OYEBHJIHO: IUIOIAlb JOTIOJIHUTEIBHOIO K A

MHOXecTBa 4 paBHa IUIOIMIAAM KBajpara {2 MUHYC TUIOMAaL caMoro MHoxkecTBa A. CBOHCTBO 2
BEPOSTHOCTH TAK)KE CTAHOBHUTCS MPO3PAYHBIM: TaK KaK P(A+B) 9TO 3alITPUXOBAHHAS TIJIONIAAb HA

nepBoM pucyHke (cm. myHKT "JleiicTBus Ham coObiTusiMu. AnreOpa coObITH"), a B BBIpOKCHHE
P(A)+P(B) nBa pa3a BXOAMT IIIOManb MHOXKECTBA A-B, TO ee HYKHO OJMH pa3 OTHATH, W B
pesyneratre momydaercs Qopmyna P(A+B) =P(A)+P(B)-P(A4-B). TouHO TaK e JErKo
HHTEPIPETUPYETCS CBOHUCTBO 3 BEPOSITHOCTH, Tak Kak ¢pa3a "u3 coObiTusa A cieayeTr coosiTre B"
reOMETPUYECKH 03HAYAET, YTO MHOXKECTBO A COJIEP>KUTCS BO MHOXKecTBe B.
[IpountepnperupyemM Tenepb MOHATHE HE3aBUCUMOCTH COOBITUH (CM. ompejaeneHue 6).
[Tycths coObiTrst A u B TakoBbI, KAKUMU OHU TIOKa3aHbI HA CJIEIYIOIEM PUCYHKE:
b L‘ 3n1ecsr MHOKECTBO A mpejcTaBiisieT co0oit
: NpSIMOYTrOJIbHUK € IIUPUHOM, paBHOW 1, u
BBICOTOM, paBHOI a. MHoxecTBO B mpezncrasnser
co00# TPAMOYTOJbHHUK C HIMPUHON D U BBICOTOH,
paBHOU 1. MHoxectBo A-B — 3TO mepecedycHue
npsiMoyroibHUKOB A u B u Takxke sBusercs
IPSIMOYTOJIBHUKOM. 3aMETHM, YTO CTOPOHBI BCEX
MOJIYYEHHBIX  MPSMOYTOJbHUKOB  IMapaljiebHbI
COOTBETCTBYIOIIIMM CTOpOHaM KkBaapara Q. U3
TF€OMETPUYECKUX COOOpaKeHHH  cleqyeT, 4To
P(A)=1-a=a, (B)=b-1=b, (A-B)=a-b. Tlo>TOMy BBHINOJHAETCA YCIOBHE HE3AaBHCHMOCTH

cobbrtuii P(A-B)=P(A)-P(B), To ecth cobbiTus A 1 B HesaBucumel. Oka3bIBaeTcs, COOBITHS TaKOi

KoHpurypauuu, kak A u B, maioT camble XapakTepHble NpPUMEpPhl HE3aBUCHUMBIX COOBITHH.
ITooOHas mpoueaypa MOCTPOCHUST HE3aBUCUMBIX COOBITUI MOKET OBITH CYIIECTBEHHO 000 011IeHa.
3T 000011IE€HUS CIIONb U PAIOM UCIOJIb3YIOTCS B TEOPUU BEPOSTHOCTEH.

13



Jexyusn 4 no meopuu eepoamuocmeii

YACTD 2: CJIVYAMHBIE BEJIMUUHBI U UX YNCJIIOBBIE XAPAKTEPUCTUKU
Jlexknus 4
Crnyyalinble BEJTMYMHBI HA KOHEYHBIX BEPOSITHOCTHBIX IPOCTPAHCTBAX

Onpeodenenue 9. Koneunvlm 6epoAmMHOCHIHBIM NPOCHMPAHCMEOM HA3BIBACTCS TaKOE
BEPOSITHOCTHOE TMPOCTPAHCTBO (Q,F ,P) (cm. ompeneneHue 4), y KOTOPOTO MPOCTPAHCTBO

AJIEMEHTApHBIX COOBITUI (2 COCTOUT U3 KOHEYHOI'O YMCIa 3JIEMEHTOB, a G-aiuredpa F IpeICcTaBIIsieT
co00¥ COBOKYITHOCTP @ceX TIOJIMHOKECTB MHOXKECTBa 2.
U
BonpmMHCTBO MpUMEPOB, pPAaCCMOTPEHHBIX B NEPBOM YacTH HANIMX JIEKIMH, OBLIO
peain30BaHO HAa KOHEUHBIX BEPOSITHOCTHBIX MPOCTpPaHCTBaX. 3aMETHUM, 4YTO KIIACCUYECKOE
BEPOSTHOCTHOE TIPOCTPAHCTBO (CM. ompeneneHue 1) ecTb YacTHBIA Cilydaidi KOHEYHOTO
BEPOSITHOCTHOTO MTPOCTPAHCTBA.
Onpeodenenue 10. TlycTb N1aHO KOHEYHOE BEPOSITHOCTHOE IPOCTPAHCTBO (Q,F ,P).

Uncnosas ¢ynkmus X=X(o), ompeneneHHas Ha NPOCTPAHCTBE SIEMEHTAPHBIX COOBITHI
Ha3bIBAETCS CIIy4yailHOM BeNIMYMHOM (C.B.) Ha (Q, F ,P).

.
Jnst 0003HaUYeHUST CIOy4allHBIX BEJIMYMH MBI, B OCHOBHOM, IIPUMEHSEM OOJbIINe
natuHckue OykBol X, Y,Z W T.A., HO HHOTAA Oy/IeM HUCIIOIB30BaTh U MaJble TPEYECKUE OYKBBI.

Ipumep 14 (nponoimkenue nmpumepa 1). Ilycte MbI HaxoauMcsl B yCJIOBHSX Tpumepa 1.
3mec MBI HMMEEM  KJIACCMYECKOE  BEPOSATHOCTHOE  MPOCTPAHCTBO, Yy  KOTOPOTO

Q:{col,oaz,co3,co4,w5,oo6}, rie @, — dJIeMEeHTapHOe COOBITHE, 3aKIIOYAOMeecs B BbIMAACHUM
uncna K (k=1,2,...,6). Torga ¢ynkmus X=X(o), 3aganHas dopmymnoii X(oak):k, (k=1,2,...,6),
SABJISIETCS C.B. HA JAHHOM BEPOSTHOCTHOM MPOCTPAHCTBE.

U

Onpeodenenue 11. Tlyctb A — coOwbiTe W3 G-anrebpel F. MHaukatopom coObiTus A
Ha3bIBACTCs ClTydaiiHas BeqinyuHa [, , 3ajaHHas GopMymoii:

1, ecruweA,

I =

i) 0, ecniu o ¢A. (7)
(]

IepeurcarM HEKOTOPHIE JIETKO JOKAa3bIBAEMbIE CBOMCTBA HHAMKATOPOB:

1) 1,=0, I,=1;

2) IA~B=[A 'IB ;

3) I=1-1I,;

4)ecniu A-B=J, 10 1, ,=1,+1;.

3aMeTuM, 4TO ompenesneHue 11 m 3anmucaHHble CBONCTBAa MHAMKATOPOB MMEIOT CHILY Ha
IIPOU3BOJIBHBIX BEPOSITHOCTHBIX ITPOCTPAHCTBAX (@ HE TOJIBKO KOHEYHBIX).

Jlewma 2 (o TIpeACTaBIEHWH C.B. uepe3 MHAMKATOphl). Ilycth X=X(w) — c.B. Ha

KOHEYHOM BEPOSITHOCTHOM INPOCTPAHCTBE (Q,F ,P) U X,<X,<..<X, — BCEBO3MOXXHbIC 3HAUCHHUSI
310 ¢.B. IlycTh cobbiTHe H, cocTouT u3 Beex ®€Q, mia kotopeix X(o)=x,, k=12,..,m, T0

€CThb Hk:{cer: X((o):xk} . Torpa:

X((O)szk'lh,k . (8)
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Jloxazamenbcmso HCTIOCPCACTBCHHO BBITCKACT M3 TOI'O CI)aKTa, YTO CHUCTEMa COOBITHI

{ Hl,Hz,..,Hm} oOpa3yeT MOJHYIO TPYIITy TUIOTe3 (cM. ompereneHue §). Jleranu goka3arensCTBa

MpeUIaraeTcsi MPOBECTH YUTATEIIIO.
U
Cxema bepnymnmn

[Ipennonoxum, 4YTO Mbl NPOU3BOJUM HEKOTOPOE HCIBITAHME C JBYMsI HCXOAAMHU
(HanmpuMmep, OpocaHHEe MOHETHI, KOI'/la MCXOJaMM SIBJISIIOTCS OpENl WIM PElIKa, WM BBITATMBAHUE
JOoTeperHOTO OmiieTa, KOT/Ia B pe3yJIbTaTe HCIBITAHUS OWJIET OKA3bIBACTCSI BBIMTPHIITHBIM JTHOO
HNpOUrpbIIHbIM). OMH MCXOJl AAHHOTI'O HCIBITaAHUS (MMEIOLIUN BEPOSITHOCTh P) OyaeM cuuTarh
ycriexoM M 0003HauaTh eauHuled. Bropoill ucxon (MMeromuii BeposiTHOCTH g=1-p) Oynem

cuuTaTh Heygaued u oOo3HayaTh HyleM. Takum 00pa3oM, COBOKYINHOCTb MCXOJIOB JAHHOIO
WCIBITAHUS MBI OTOXAECTBUIIU C IBYTOUEUHBIM MHOKECTBOM {O; 1} .

[ToBTOpHUM Temeph 3TO MCHBITAHWE HE3aBUCHUMBIM 00pa3oM N pa3. Pesymbratom 3toro n-
KpaTHOTO 3KCIIEPUMEHTa OyIyT MOCJIeI0BaTENIbHOCTH BHUAA (81,82,...,8”) , TIle KaXJI0€ 4UClIo €,

(k=12,...,n) paBHO Hymr0 suO0 enuuuine. Hanpumep, ecnmu n=4 ©W MBI OJYYHIH

IIOCJIEI0BATEIBHOCTD (0,1,1, 0), TO 3TO O3HAYAET, YTO MPHU MEPBOM M YETBEPTOM HCIIBITAHUSAX HAC

MOCTHUIJIa HEyJaya, a BTOPO€ M TPETbe€ HCIBITaHUs ObUIM YCHEMIHBIMU. SICHO, YTO B KayecTBe
MPOCTPAHCTBA DJIEMEHTApHBIX COOBITUH CleAyeT B3ATh MHOXecTBO (2, cocTosIiee U3

6CEBO3MOICHBIX 1ICTIOUEK BHIA (81,82,...,8’1), rae kaxnoe yucio ¢, (k=L2,..,n) paBHO HYIIO
nu6o eaunuie. B xkaduectBe G-anredpbl F BRIOEPEM COBOKYITHOCTH BCEX MOAMHOKECTB MHOKECTBA
Q.

OctanoBUMCs1 GoJiee TIOAPOGHO HA OTpeIENeHnH BeposTHOCTH P. O603Haunm uepes A,
(COOTBETCTBEHHO A, ) COOBITHE, COCTOSINIEE B TOM, 4TO NpU K-M HCTIBITAHMM HAC TOCTUTAeT
Heynadya  (COOTB., npu K-M  HCHBITAHUM ~ MBI ~ HUMEEM  yCIEX). OueBuaHoO,
A,?z{(sl,sz,...,sn): 8k=0}, A,i={(81,82,...,8n): 8k=1}. Tak kak npud pasHbIX K HCHBITaHUS
MPOU3BOASATCS HE3aBUCHUMBIM 00pa3oM, TO MaTeMaTH4eCKH 3TO JOJDKHO O3HauyaTh, YTO JH00as
cucreMa COOBITHI {Af‘,A;Z ,...,Arf”} JIOJDKHA ObITh HE3aBUCHMMON B COBOKYIIHOCTH B CMBICIIE

omnpeneneHus 6. To ecTb BEpOATHOCTD COOBITHS A" - A, -...- A" donxcna onpenensiTbes GopMyInoi:

P A A P YA P A1) g0, ®

Ho nerxo Buaers, uTo coObiTHE A'-A5*-.. A" CcOBHagaeT € DIEMEHTAPHBIM COOBITHEM

n
(81,82,...,8n), [I03TOMY BEPOATHOCTb KaXKIOI'0 3JEMEHTAapHOI'O COOBITHS (81,82,...,8n) JIOJIKHA
OIpeNeNAThCs TON Ke (PopMyIoi:
P{(gl’gz,m’gn )} =p£‘+52+"'+8” .qn*(51+£2+.“+sn) . (10)
Takum 00pa3oM, MbI NOCTPOMJIM KOHEYHOE BEPOSITHOCTHOE IMPOCTPAHCTBO (Q,F ,P)
(OepHyIIMEBCKOE BEPOSTHOCTHOE MPOCTPAHCTBO), MOJAEIMPYIOIIEE OMMCAHHBINA BbIIIE N-KPATHBIN
sKcnepuMeHT. Onpenenum Tenepb Ha (Q, F ,P) CIIy4aliHYyIO BEJINYMHY [ ,, PABHYIO YHCIIy YCIIEXOB
IIpyU N HE3aBUCUMBIX HCIBITAHUAX B PAaCCMOTPEHHOW HaMu '"cxeme bepHymnu", To ecTb eciau
w:(sl,sz,...,sn), TO
u, (0)=¢,+&,+...+¢€,. (11)
OueBugno, W, MoxeT npuHumarh 3Hauenus 0,1,2,..,n. O603HaYNM Hm:{(er: u”(co):m}.
CoObiTHe H, cOCTOMT B TOM, YTO B N HCHBITAHUAX B cXeMe bepHymIM HacTymuio poBHO M
YCIIEXOB.
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Teopema 3. CnpaBemuBa Gpopmyna:
MH,)=C-p"q"™", (12)
rae C —umcno codeTaHud U3 N 3JIEMEHTOB 1o M (cM. Gopmyiy (2)).
Hoxkasamenvcmeo. W3 omnpenenenuss coOvitust H, M 13 CBOWUCTBA aJIMTHUBHOCTU (CM.

omnpeneneHue 4) ciemyer, uro P(Hm): ZP{@}. BBuny coornomenust (10), Bce BeposiTHOCTH,

weH,,

HaxXoJsIIMeCs TOJ 3HAKOM CYMMHPOBAHHS, OJIMHAKOBHI H paBHBI p"q¢"™". TlosTomy

AH,)=|H,

COBIIAJAeT C KOJMYECTBOM CcI10co00B BbIOOpa M MecT st "1" B Lenouke 032(81,82,...,8”) IIPA TOM

-p"q"™", Tne ‘Hm — 4YHCJIO DJIEMEHTOB MHOXecTBa f1,. Yncio ‘Hm , OYEBH]IHO,

MPCAIIOJI0KCHHNHU, YTO OCTABHIMECA MECTAa aBTOMATHUYCCKHU 3aIllOJIHAIOTCS HYJISIMU. CHGI{OB&TGJ’IBHO,
‘Hm

=C" u dpopmyna (12) nokazaHa.

U

Ilpumep 15. UrpanbHast KocTb Opocaetcst AecsTh pa3. HaliTu BEpOATHOCTH TOTO, YTO HpHU
3TOM BBINIAJI0 POBHO TPH IIECTEPKHU.

[Ipn xaxaoMm OpocaHuu OyneM CUMTAaTh YCIIEXOM BbIMaJIeHUE IIECTEPKH, a Heyaauenl —

BBITIaJIeHNE JII000TO Apyroro yucia. Torma mMpl OyeM HaXOAUTHCS B paMKax cXembl bepHymm ¢

1 5
n=10,m=3, p:g, q:g . Ucnionesys popmyny (12), momyqdaem:
1Y(5)" 10:9-857
H,)=C; (—j (—j =————-~=0,155.
AH,)=C 6/ \6/ 1236"

3aKOH pacnpeneseHus ClIy4alHOW BETUYUHbI
B CIy4ae KOHEYHOT'O BEPOATHOCTHOTO MPOCTPAHCTBA

Onpeodenenue 12. Tycts X=X(®) — c.B. HA KOHEYHOM BEPOATHOCTHOM MPOCTPAHCTBE

(Q, F ,P) " x,<x,<..<X, — BCEBO3MOJKHBIC 3HAYCHUsI 3TOH C.B. 3aKOHOM pacnpeoeneHus JaHHON
C.B. Ha3bIBaeTcs Tabiuua

X, X, X

m

P P> Pw ,
rac HWKHUAMN psAa COCTOUT U3 YHCEIT p, , paBHBIX BEPOATHOCTAM HPUHATUSL cnyqaﬁHoﬁ BEJIUYMHOMN

X=X(w) 3nauenuit x,, To ecTh Dy :P(cer: X(co):xk), npudyeMm p,+p,+..+p, =1.

O
Ilpumep 16 (npomomxenue npumepa 14). OueBUIHO, 3aKOH paclpeAeneHus clydaiHon
BEJIMYMHBI, ONIPEACIICHHON B IpuMepe 14, uMeet BUI:

X 1 2 3 4 S) 6
1 1 1 1 1 1
P - J— J— J— J— -
6 6 6 6 6 6
O
IIpumep 17. 3aK0H pacnpenesieHnss HHAUKaTopa [, UMEET BUA:
1, 0 1
P 1-P(4) P(A)
U

Ilpumep 18. C.B. 1,, paBHas YUCIly YCIIEXOB B CEPUU U3 N HE3ABUCUMBIX UCIBITAHUH, B
cuity popmyisl (12) uMeeT cleayronuil 3aKoH pacrpeiesieHus:
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M, 0 1 2

P q” npq n(nzfl) P e p

DTOT 3aKOH paCIpeIeICHIS Ha3bIBACTCS OMHOMHALHBIM.

Maremarrnueckoe 0OKUJaHUE CIIy4aliHOW BEJIMYHUHBI
B CJIy4ae KOHEYHOI'0 BEPOSATHOCTHOT'O IPOCTPAHCTBA

Onpedenenue 13. MatematuueckuM oxunanueM c.B. X=X(w), ompeaeneHHoil Ha

KOHEYHOM BEPOSITHOCTHOM IIPOCTPAHCTBE (Q, F ,P), Ha3bIBAETCS YUCIIO
MX=> X(o)-Plo}, (13)

weQ)
rjie TP CyMMHpPOBaHMH (® TpoGeraeT BCE MPOCTPAHCTBO 3JEMEHTApHBIX coObITHit Q, a P{m}
€CTh BEPOSATHOCTb 3JIEMEHTAPHOTO COOBITHS (O .
U
Ecniu mnepenymepoBaTh Bce dJIeMEHTapHble CcOObITHS U3 (), TO €CThb 3alucaTh

Q:{(o 1,0)2,...,03”} , TO MaTeMaTHYECKOEe OKHIaHNE 3aIUINETCs B 00Jiee MPO3pavHOM BH/IEC:
MX=;X(mk)-P{mk}:X(oal)~P{m1}+X<m2)-P{m2}+...+X<(on)-P{mn} .
Onnako i BRIKIAA0K popmyina (13) npeanmodrurensHee.

CBOJICTBAa MAaTEMAaTUYECKOT'O OKUTAHUS

1. Maremarndeckoe oxuganue 001agaeT CBOMCTBOM JIMHENHOCTH:
M(o-X+B-Y)=0- MX+B-MY .
Hokazamenvcmso. lTpuMensis onpenenenue 13, nomydaem:
M(OL-X+B-Y)=Z(a-X(co)+B-Y(co))-P{oo}qx-ZX(oo)-P{(o}+B.ZY((0).P{Q)}:(x-W+B-MY. O
0 0e

0

2. MartemaTnueckoe 0>KHJIaHUuE MHAUKATOpa cOOBITUSL A paBHO BEPOSATHOCTH 3TOTO COOBITHS:
MI ,=P(A).
Loxazamenvcmeo. Tak Kak P(A)ZZP{(D} , TO

wed

Mi, :%[A(oa)P{co}:Z[A(m)-P{m}+ZIA((0)'P{0)}:ZI'P{(D}JrZO-P{co}:ZP{(D}:P(A) .

weAd meA weAd wed wed
0
3. MaTemaTudeckoe OXKHNIOaHHC 06na,£[aeT CBOMCTBOM MOHOTOHHOCTH: €CJIU XZY, T0 MX>MY .
ﬂoxas*ame/lbcmgo IIPOBECTH CaMOCTOSATCIIbHO.
0

4. Ecmu c.B. X 00najaeT 3aKOHOM paclpe/ielIeHus,, BBIIMCAHHBIM B ompeneneHud 12, To
cripaBeauBa Gopmyra:

MX=Zxk Dy s (14)
k=1

Hoxazamenvcmso. Ilpumenus k ¢opmyne (8) onepanuio MaTeMaTHUYECKOTO OXXKUIAHUS U
UCTOJb3ysd CBOWCTBO JIMHEHHOCTH, a Takxke (GOpMyly JUIsl BBIYUCIEHHS MaTeMaTHYeCKOTOo
OKUJAHUS OT UHAMKATOPA, TOIYIUM:

MX = M(;xk -IHJ :;xk M, =;xk -P(Hk)zgxk Dy -
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YACTD 2: CJIVYAMHBIE BEJIMUUHBI U UX YNCJIIOBBIE XAPAKTEPUCTUKU
Jlexknus 5
Briuncienne MaTeMaTUYECKUX OKUIAHUI

TTokaxxem Ha MMpUMEPEC, KaK MJIA BBIYHUCICHHUA MATCMATUUCCKOTO OXUIAAHUA UCIIOJIb3YCTCA
dopmyna (14).

Ilpumep 19 (nponoipkenue npumepa 16). Mcnonb3ys 3akoH pacnpeneneHus c.B. X, paBHOU
YHCIIy OYKOB, BBIIIABIINX HA I/IFpaJH)HOI\/JI KOCTH, IMOJIydacMm:

}\/LX1121314151611(123456) 6=3,5
—6+ 6+ 6+ 6+ 6+ 6= 6 +2+3+4+5+ =55 =3
U

I/IHOI‘)Ia npu BBIYUCIICHUU MaTEMATHUYCCKUX O)KI/II[aHI/II\/JI cnyqaﬁHy}o BCIMYHUHY
MNpEACTaBIAIOT B BUAC CYMMBbI Oouee IMPOCTBIX cnyqaﬁHHx BCJIMYMH, a 3aTCM IIPHUMCHIAIOT CBOMCTBO
JINHEHOCTH.

Ilpumep 20 (nponosxeHue npumepa 18). Mcmosb3yst 3akoH pacnpenesieHust c.B. W,

MaToxkuaaHue M, MOXKHO ObLIO OBl ONATH BBIUUCIUTH 1O (opmyne (14) (mpoaenaiite 3to!).

OJIHAKO 3HAYMTEIBHO MpOIIE TMOCTYNUTh CIEAYIOmUM 00pa3oM. PaccMoTpum coOwitHe 4, ,

cocrosimee B TOM, uro B K-M wmcmeitanum mpowmsomien ycrmex k=1,2,...m (cm. pasgen "Cxema
bepnymu"). OueBuaHO, ClIpaBeIIMBO MPECTABIICHUE:
n, =IA11 +[A; +"'+[AL . (15)

[To cBOMCTBY TMHEMHOCTH UMEEM:
Mun:]MIA11 JrMIA21 +'“+M1A; :

[Tpumenss Tenepb CBOMCTBO 2 MAaTEMATUYECKOTO OXKUJIAHUS, TTOTYUHM:

My, :P(Af)+P(A§)+...+P(Ai)=p+p+...+p:np .
U
CJ'ICI[YIOH_[I/IG TEOPEMBI, JOKA3aTCIIbCTBA KOTOPLIX MBI OITYCKAa€M, IMO3BOJISAIOT BBIYHCIIATH
MAaTEMATUUYCCKHUEC OKUIAaHUA (byHKHI/Iﬁ oT CJ’Iy‘laﬁHBIX BCIIMYUH.
Teopema 4. TTyctb X — C.B. C 3aKOHOM pacIpe/Ie/ICH s, BRITUCAHHBIM B onpeacicHun 12, a
f(x) — HexoTopast QyHKIHS AEHCTBUTEILHOTO MepeMenHoro. Toraa:

M0 = /) i (16)

0
Hpumep 21 (nponomxenue npumepa 19). Iycts f(x)=x>. Toraa popmymna (16) naer:
M(Xz):12-1+22-l+32-l+42-l+52-l+62-l:l-(12+22+32+42+52+62):ﬂ.
6 6 6 6 6 6 6 6
0
Teopema 5. Tlycth X w Y — cioydaiiHble BEIMYMHBI HAa KOHEYHOM BEPOSTHOCTHOM
MPOCTPAHCTBE (Q,F ,P), IPUHUMAIOIIME COOTBETCTBEHHO 3HAUeHMs X, <X,<..<X, H

Vi <y,<.<y,,a g(x,y) — HeKoTopas GYHKIHs IBYX NEHCTBUTEIBHBIX IEPEMEHHBIX. Toraa

Mg(X.Y)=2"> g(x,.y,)(X=x,,Y=y,). (17)

k=1 i=1
U
3aMeTI/IM, YTO JJIsI BBIYHMCJICHUA Mg(X,Y), BOO6IJ.I€ TOBOPs, HCAOCTATOYHO 3HATH 3aKOHBI

pacripeniesieHust ciaydaiiHbIX BenWYuMH X U Y, HO HYXHO MMETh TaOJIUIy YHCel P(X =x,,Y= yi),
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KOTOPYIO Ha3bIBAIOT coemecmubim pactpenenenrem c.B. X u Y. Opnako, korma c¢.B. X u Y
He3a6UCUMbBL, CATYAIIHS YIIPOIIACTCS.

Onpeodenenue 14. CB. X um Y (cM. GOpMYIHpPOBKY TEOpPEMBI 5) Ha3bIBAIOTCS
HE3aBUCUMbBIMH, €CJIH JyTs JTr00bIX K=1,2,...,m u i=1,2,...,N BIMOJHIIOTCS PAaBEHCTBA:

P(X:xk,Y:yi):P(X:xk)-P(Y:yi). (18)
U
Teopema 6. MareMaTHuecKkoe OXHIAHHE TNPOM3BEIACHUS HE3aBHCUMBIX C.B. PaBHO
MIPOM3BEICHUIO UX MAaTEMATUIECKUX 0KUJIAHHUM, TO €CTh ecii ¢.B. X ¥ Y HE3aBUCUMBI, TO
M(X-Y)=M(X)-M(Y). (19)
Hoxazamenvcmeso. Ilycte g(x,y)=x-y . Toraa dopmyna (17) npumer Bux;

M(X~Y):Zm:2n:xk yP(X=x,,Y=y,).

k=1 i=1

Tak kak c.B. X 1 Y HE3aBUCHMBI, TO MOXXHO NpUMEHUTH ¢popmyiny (18) u npeacTaBuTh ABOMHYIO
CYMMY KaK IPOU3BEJIEHUE OJIMHAPHBIX CYMM:

M(X-Y)=2> % -P(X=x,)P(Y= yi):(Zxk -P(szk)j -(Z v, P(Y= y,.)] = MX-MY |
k=1 i=1 k=1 i=1

0

Jlemma 3. Ecim coObituss A u B He3zaBucuMBI, TO MHAUKATOpPEl [, W [, 3THUX COOBITHH

€CTh HE3aBUCHUMEIE C.B.
Hokazamenvcmeo. Ilpexae Bcero JoKakeMm, 4TO W3 HE3aBUCHUMOCTH coObiTuii A u B

clenyeT He3aBUCUMOCTh COObITUH A M B (3TOT (dakT MBI yXe HCIOJb30BaIH B mpumepe 11).
JleiictBuTenbHO, Tak Kak A=A-B+A-B , npudeM ciaraeMple B ’TOM PaBEHCTBE HECOBMECTHBI, TO
P(A)=P(A-B)+P(A4A-B). [TIlo onpeneneauto 6  HE3aBUCHMOCTH  COOBITUH  IOJy4aeMm

P(A-B)=P(A)-P(B), 10 ectb P(A)=P(A)P(B)+P(A-B). Orciona 6e3 Tpyaa BEIBOJIHM:
P(A-B)=P(A)~P(A)P(B)=P(A)(1-P(B))=P(A)-P(B), 10 ectb cobbitus A u B He3aBHCHMBL.
AHaJIOTUYHO JOKa3bIBACTCA HE3AaBUCUMOCTD COOBITUH Z nu B, a TaAKXKXE Z u E . HOBTOMy:
P1,=1,1,=1)=P(4-B)=P(4)-P(B)=P{1,=1)-P1,=1),
P(IA =11, :O):P(A'E):P(A)'P(E):P(IA :1)'P(IB :0)’
P1,=0,1,=1)=P(4-B)=P(4)-P(B)=P(1,=0)-P(1,=1),
P(1,=0,1,=0)=P(4-B)=P(4)-AB)=P{1,=0)-1,=0).
W3 nmony4eHHbIX PaBEHCTB CIIEAYyeT HE3aBUCUMOCTh UHIUKATOpoB [, u [, (cM. ompezneneHue 14).

O
Ipumep 22. 3auMmcTBys 00603HaueHHs u3 npumepa 20, paccMOTpUM cobbithe A, A, ,

n
coCToAIICEC B TOM, UTO Ha K-M ucnbeITaHuU IMPOU30LICII HBOﬁHOﬁ ycCIiex. C.B. v, ZZIA' y paBHa
k—1"%k
k=2

YHCITy JBOMHBIX YCIIEXOB B CEpUHU U3 N ucnblTaHui B cxeme beprymum. Berancnum My, . Nmeewm:

Mvn:iM([Al y ):iM(IA, '[Al).
k=2 k—1"%k k=2 k-1 k

1 1
Tax xak coObltust A, M A, HE3aBUCHMbI, TO MO JieMMe 3 uHaMKatopel [ ,

k-1

u / 1 TaKoKe
k

HC3aBHCUMBI. HpI/IMCHHH TCOpPECMY 6, noJydyacm:

Mv, :kZi;M(IA;] )~M(1Ai )=§P(A,11).P(A,1)=§p2 =(n—1)p°.
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Jucnepcus ciydaiiHOW BEJIMYUHBL B ClIy4ae
KOHEYHOI'0 BEPOSTHOCTHOTO IPOCTPAHCTBA

Onpedenenue 15. ucnepcueii c.B. X=X (®) Ha3bIBACTCS YUCIIO
DX=M|(X-MX)*]. (20)

U
Taxkum 06pa30M, JUCTICPCUA — 3TO MAaTEMATUYCCKOC OKHUAAHWNEC KBaJpaTa OTKIIOHCHUA C.B.
X 0T ee MaTeMaTUIECKOTO OXUJJaHus.

CaoiicTBa qucnepcuun

1. CrpaBeyiBa cienyrorias hopmysa ajsi BBIYUCICHUS JUCTIEPCUH:
Dx=M(X?)~(Mx)’. (21)
Hoxazamenvcmseo. BpemenHo o6o03HaunM MX=C. Torma, mnpumeHsis CBONCTBO
JTMHEWHOCTH MAaTEMaTHIECKOTO OKUIAAHUS, TIOTYIaeM:
DX =M[(X-MX) |= M[(X-C)* |= M[X* -2CX+C*]= M(X?)-2C- MX +C".
3amensis C wepes MX , momydaem dopmyiry (21).

-
2. Jlns mo6oi ¢.B. X cripaBeyinBO HepaBeHCTBO DX >0. DTo HEpaBEHCTBO MpEeBpaIIacTCst
B PAaBC€HCTBO TOrJda W TOJBKO TOrJa, Koraa C.B. X IIOCTOSIHHA C BEPOATHOCTBIO €IMHHILIA.

Jokaszamenvcmeo. Tax xak (X—MX )2 >0, TO 1O CBOMCTBY 3 MAaTEeMaTUYE€CKOTO
O>KHIaHMS (CBOWCTBO MOHOTOHHOCTH) DX =M [(X - Mx)? ]2 M[0]=0.

Ecmn c.B. moctosnHa (To ecth X=C), T0 MX=C, u cienoparensho, DX=M][0]=0.

O6parno, mycte DX=0. O6o3Haunm MX=C u TpeaArnooxuM, 4To C.B. X HUMEET 3aKOH

m

pacripesiesieHus], BBIIMCaHHbBIN B ompexeneHuu 12, nmpuyeM Bce p, >0 u Zpkzl. PaccmoTtpum
k=1

dyrkmmo f(x)=(x— 0)’. [Tpumensis hopmymny (16), mosrydaem:
0=DX=M{(X~MX)' | M[F (XO}=2f (s (22)

2
SIcHO, YTO f(xk)=(xk—C) >0 npu Bcex k=1,2,...,m, TO eCThb BCC WICHBI IOCICIHCH CyMMBI

HCOTPULATCIIbHEI. Ecimu xot1s Obl JJIs1 OAHOTI'O 3HAYCHH A K BBIIIOIHATIOCH CTpOroc HEPaBCHCTBO, TO

m
MBI TOJY4YMIIA OBbI, YTO Z f(x,)-p,>0, B nporuBopeunn ¢ paseHcTBoM (22). Ilosromy mpu Bcex
k=1

m
2
k=12,...m f(xk):O, TO €CTh (xk —C) =0, a ciepoBarenbHo, x, =C. Ho Tak kak Zpkzl, TO 3TO
k=1
Kak pa3 u o3HayaeT, yTo X=C ¢ BepOsITHOCTHIO 1.

(]
3. HYCTL C — IpOM3BOJBHOC JEeNCTBUTENIbHOE YnCci0. Torna

D(cX)=c*-DX. (23)
Hoxazamenvcmso. Ilpumensis popmyiny (21), norydaem:
D(cX)=M(eX)* |- M(ceX)]' = M[c? X? |- MX] = M(X?)-c?( MX)* =c* | M(X?)~(Mx)* |=
=c’-DX .

U
4. Ecnu c.B. X u Y He3aBUCHMBI (CM. omipeaeserue 14), To
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D(X+Y)=DX+DY . (24)

Jloka3aTenbcTBO ATOro ¢hakTa OCHOBAHO Ha CIEAYIOIICH JieMMe, 000CHOBAaHUE KOTOPOWM
IIPEIOCTABIISIETCS YUTATEIIIO.
Jlemma 4. Ecnu c.B. X u Y HezaBucumsel, a C;, u C, — ACHCTBUTEIbHBIE YHCIA, TO C.B.

X+C, n Y+C, Takxe HE3aBUCHUMBI.
U

Hokazamenvcmeo cBoiictBa 4. HWcmone3ys ompexaenenue 15, a Takke CBONCTBO
JIMHEWHOCTH MaTEeMaTHYECKOTO OXKUaaHus, MmoJrydacm:

D(X+Y)=M[(X+Y)-M(X+Y)]" = M[(X— MX)+(Y—MY)] =
= M[(X—MX)* +2( X~ MX)(Y- MY)+(Y-MY)*|=
= M( X~ MX)” +2- M[( X - MX)(Y— MY)]+ M(Y—MY).

Tak xkak MX u MY — moCTOSIHHBIE JNEHCTBUTEIBHBIC YMCIIA, TO U3 JIEMMBI 4 CIIEIyeT, YTO C.B.
X—MX n Y- MY nezaBucumsl. [loaromy no teopeme 6:

M[(X—MX)(Y-MY)]= M(X~-MX)-M(Y-MY),
a IMOCJICOJHEC BBIPAXKCHUC PABHO HYIIIO, TaK KaK
M(X—MX)=MX—M(MX)=MX—MX=0.

CnemoBarensHO,
D(X+Y)=M(X-MX)*+M(Y-MY)’=DX+DY .
0
Obodwenue ceoticmea 4. Ecmm cnydaitusle BenuuuHbl X, X,,...,X, nonapho

n

He3asucumbul, TO CpaBeIBa GopMya:
D(X,+ X, +..+ X, )=DX, +DX, +..+DX,. (25)
Hokazamenbcmeo IPOBECTH CaAMOCTOSTEIBHO, UCTIONB3Ys (OPMYITY:

(Sa) =542 Saa,

1<i<j<n

Ipumep 23 (npopoimkenue mpumepoB 19 um 21). Jlnsg c.B. X, paBHOW YHCITy OYKOB,

7 91

BBIMABIINX HA WUIrPAJIbHOW KOCTH, B mpumepax 19 m 21 moacuuraHo: MX:E’ M(X 2)_Z
91 49 35
Il DX=M(X?)~(MX) =———=—,
03TOMY ( ) (MX) s 2 12

O

Ilpumep 24 (nponomxenue npumepoB 18 u 20). Berumcium Dp,. Bocnosb3yemcs
paBeHCcTBOM (15):
un:IAll +[A;+-"+[A}, :
TouHo Tak ke, KaK 3TO CAENaHO B JIeMMe 3, MOXHO MOKa3aTh, YTO C.B. [ p v e i 4 HE3aBUCHMbI
B coBOKynHOCTH. [IpumMensis popmymy (25), momyyaem:
Du,=DI A +DI M +...+DI p

Breruncium DI P N3 cBolicTBa 2 MaTEMaTUYECKOT0 OKUAAHUS cieayer, uto Ml y :P(A,i): p . Tak
k k

Kak (110 CBOMCTBY 2 MHJIUKATOPOB) [/ j,v =/ ,,roun M (I j]' ): p . lostomy

A4

DIA; :M(Ij; )—[M(IA} )]2:p—p2:p(l—p):pq.

To ecte Dp,=npq .
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YACTD 2: CJIVYAMHBIE BEJIMUUHBI U UX YNCJIIOBBIE XAPAKTEPUCTUKU
Jlexknusa 6
CJIy‘-Iaf/'IHI)Ie BCJIMYHUHBI HA CHCTHOM BepOﬂTHOCTHOM HpOCTpaHCTBC

Onpedenenue 16. CuemHbim 6epOAMHOCMHBIM HPOCMPAHCHIEOM HA3ZBIBACTCS TaKOe
BEPOSITHOCTHOE ITPOCTPAHCTBO (Q,F ,P) (cm. onpenenenue 4), y KOTOPOTrO 3JI€MEHTHI {2 MOXKHO

3aHyMEpOBaTh LEJIBIMM HEOTPULATEIBHBIMU 4uCIaMU (TO €CTb Q:{coo,col,coz,...,(x)n,...}

npeacTaBisier co0Oil HEKOTOPYIO IMOCIENI0BAaTENFHOCTE), a G-aireOpa F IpeAcTaBisieT coOou
COBOKYITHOCTb 6CeX TTOJIMHOKECTB MHOXKecTBa (2.
U
C.B. Ha CYETHOM BEPOSITHOCTHOM TPOCTPAHCTBE OIPEEIISETCS] TOYHO TaK e, KaK C.B. Ha
KOHEUYHOM BEPOSTHOCTHOM MpOCTpaHCTBE (cM. omnpeaenenue 10).
Onpeodenenue 17. Tlycts X=X(m) — c.B. Ha CYETHOM BEPOATHOCTHOM MPOCTPAHCTBE

(Q,F ,P) U XXXy, X
pacnpedeiienus TaHHON C.B. Ha3bIBaeTCS TAOIUIA C OECKOHEYHBIM YHCIIOM CTOJIOIIOB:
X X, X, X, X

BCCBO3MOXXHBIC pa3jiuunble 3HAUYCHUA 9TON C.B. 3aKoHoOm

moe

m

P Po P P P
I HWOKHUM pSAJl COCTOUT M3 YUCENl P, , PABHBIX BEPOATHOCTAM NPUHATHUSA CIIydallHOW BEITUYMHON

X=X(o) 3nauenuii x,, T0 ecTh p, :P(oo e X((o):xk), k=0,12,....m,....

0

3aMeTI/IM, 9dTO TaK KaK COBOKYIHOCTb X,X;,X,,...,X ucuepnoleaem BCC 3HAUCHUA,

moee

IIPpUHUMACMBIC C.B. X, TO CyMMa 4YHCECJI, CTOAIIUX B HIDKHEH CTPOKE Ta6J'II/II_[I)I, JOJDKHA PAaBHATHCA

€IMHUIIE, TO €CTh z p,=1 (HamoMHUM, 4YTO BBIpa)KEHUE Z Dy=DPot+D+Dy P+
k=0 k=0

o "
Ha3bIBaCTCS YMCIOBBIM PSJOM, CyMMa KOTOPOTO OmpenenseTcss (OopMYyIJIOi: ZpkzlimZpk ).
k=0 1P k=0

OT™MeTUM TaK¥KCEC, qTo SJICMCHTApPHEBIC CO6BITI/IH, 3HAYCHUA CHy‘IaﬁHOﬁ BCIIMYNHBI n
COOTBCTCTBYIOIIMEC BCPOATHOCTH HHACKCUPYIOTCA HAMH, HAYUHAA C HYJA, TOJIBKO JHWIIb I
eanHOoO00pa3usl MU PaCCMOTPEHUH JAITBHEHIIINX TPUMEPOB.

Ilpumep 25. Haxonsce B pamkax cxembl bepHymiu, OyaeM mocienoBaTelbHO MPOBOAUTH
HUCIIBITAaHHUA A0 TEX IIOP, IIOKa HEC AJOCTUI'HEM HCpBOﬁ HCyda4u. Ilocne 3TOro wucHbITaHUA
IIpCKpallaroTCA. OLICBI/II[HO, B Ka4CCTBC OJJICMCHTAPHBIX CO6I>ITPII>1, COOTBCTCTBYOIIIUX HJAHHOMY

AKCIIEPUMEHTY, MOHO B3SITh CJIEAYIOLIUE BEKTOpa: o)l=(O),0)2=(1,0),0)3=(1,1,0),m4=(1,1,1,0),...,
IpUYEeM K 3TOW COBOKYMHOCTH HY)XHO J00aBUTh OECKOHEYHOMEPHBII BEKTOP cooz(l,l,l,...,l,...),

COOTBETCTBYIOIIUI TaKOMY (HEMBICITUMOMY) UCXO]Ty, KOTJ]a BCE BPEMs IOTy4atOTCsl YCIIeXH.
[Ipumensis BBeZeHHbIe paHee 00o03HadeHus (cM. pasgen "Cxema bepnymnun'), momydaem

clefylolee MpeicTapieHde mms o, npu k>l: o,=A-A)-..-A, -A). Tak Kak coObITHS

1 1 1
b ,Az,...,A,H,A,iJ HE3aBUCUMBI B COBOKYITHOCTH, TO

Plo, }=P(A A4} - A))=P(A4)-P(4).. (4}, )-P(4))=p*"q.

BeruncnuM cymMmMy BEpOSITHOCTEH JIeMEHTapHBIX COOBITHI © , , HaunHas ¢ k=1. meewm:

ip{@k}=CI+pCI+p2q+p3q+...=q(1+p+p2+p3+...) .
k=1
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IIKOJIPHOTO Kypca OECKOHEYHO YObIBaromen

1 - 1
reoOMETPUYECKOM mporpeccuu. JIta cymMMa paBHA o o Takum o0pazom, ZP{@ k}zq-—:l. C
-P q k=1 q

B ckoOkax cTOMT cCymMMa UW3BECTHOM U3

Ipyroil CTOpPOHBI, IO AaKCUOME G-aJJINTUBHOCTU (CM. ompexaeneHue 4) ZP{mk}=l.
k=0

CnenoparenbHo, P{co 0 }:0 :
Paccmotpum c.B. X, paBHYIO YHCITY YCIIEXOB JI0 NepBOit Heynauu. meem:
X(@o)=1+1+14..41+..=4+00, X(0,)=0, X(0,)=1, X(0,)=2,.... X(®,,,)=m,...

O06o3HauuM x,=+0, x,=0,x,=1,x;=2,...,x, =m—1, x m,.... Torna:

m+l

Do :P(co X X((o):+oo):P{(oo }:0, )2 :P(oo X X(o)):O):P{col }:q,...,

po=Ploex X(m):m—l):P{wm }:p”’_lq, P =Pl X(co):m):P{(nm+l =p"q,...
3aKoH pacnpeneseHus ¢.B. X UMeeT BUJ:

X +00 0 1 2
P 0 q Pq pq p"q

B sTomM mpumMepe MBI BHEpBBIE CTOJIKHYIUCH CO CIYy4allHOW BEJIMYMHOM, MPUHUMAIOMIEH
OeckoHeuHOe 3HaueHue. Boolie roBops, ¢ TakuMu C.B. padOTaTh HE OYEHb IPUATHO, OJJHAKO B
JAHHOM CIly4ae Hac CclacaeT TO OOCTOATENbCTBO, UYTO BEPOSTHOCTh MPHUHATUS CIIydallHOU
BEIMYMHONW X 3HAueHHsl +o0 paBHA HymO. Tak Kak COOBITHAMHU HYJIEBOW BEPOATHOCTU MOXKHO
JOBOJIBHO 4YacTo IpeHeOperarb, TO Mbl MOKEM B JAaHHOM MOJEIM BMECTO IPOCTPAHCTBA

AJIEMEHTApHBIX COOBITUI (2 pacCMOTPETh "MOAUUIIEHHOE" TPOCTPaHCTBO Q:{col,coz,cop...} . Ecmn

Ty JKe CIIyJaiiHyIO BeJTMYUHY PaCCMOTPETh Ha (), TO e¢ 3aKOH pacIpeaeicHus OyIeT UMETh BHI:

0

1

2

m

X
P

q

Pq

2

2K

p"q

(26)

[Tonyuennass mareMaruyeckass MOJENb CTOJIb K€ aJeKBaTHA HalleMy OSKCIEPUMEHTY, KaK U
nepBoHauanbHas. 3akoH  pacnpeaeneHuss (26) TNPUHATO  HA3bIBaTh  2e0MempPUYecKuUM
pacnpeoenienuem.

O

Ilpumep 26. Ha HEKOTOpPOM CUETHOM BEpPOSITHOCTHOM IPOCTPAHCTBE (Q,F ,P)

paccMoTpuM c.B. X, mpuHuUMaroilyto 3HaueHus 0,1,2,...,m,... ¢ BEpOSTHOCTAMHU

D ZP((D e X(co):m)zﬂ.e—a '

232

m!
00 m
rae unucino a>0. V3 Teopuu psaoB XOpOIIo U3BECTHO, YTO Z—'=e“. [TosTomy
m=0 .
o0 o0 m o0 m
a a _
P S
m=0 m=0 M- m=0 M
3aKkoH pacnpeseneHus C.B. X BbIpaKaeTcs TaOIHIIeH:
X 0 1 2 m
P e’ ae” at-e™ a”-e (27)
2 m!
Takoli 3aKOH pacrpeieiICHUs Ha3bIBACTCSI HYACCOHOBCKUM (C TIApAMETPOM a).
(]
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MareMarnueckoe 0KUJaHUE CIIy4aliHOW BEJIMYHUHBI
B CJIy4ae CYETHOI'O0 BEPOSATHOCTHOI'O IPOCTPAHCTBA

B cnydae KOHEUHOrO BEpOATHOCTHOTO NPOCTPAHCTBA MBI BHJENH, YTO Jr00as C.B.,
IpruHUMaromasd KOHCUYHBIC 3HA4YCHUA, O6JlaI[aeT KOHCYHBIM MATEMAaTUYCCKUM OXHWIAaHUCM. B
Cllydae CUYETHOT'O BEPOATHOCTHOTO MPOCTPAHCTBA 3TO JalIeKO He Tak. [loaToMy B JaHHOM paszzaerne
MBI CY3UM YUCJIO paCCMAaTpuBaCMbIX C.B.. MbI 6YZI€M paccMaTpuBaTh TOJIBKO TC C.B. X Ha CYEeTHOM
BEPOSTHOCTHOM MPOCTPAHCTBE (Q,F ,P) (cm. onpenenenue 16), st KOTOPBIX

g\x(mk)\.p{@k}@o. (28)

Ecmu 310 ycrioBue HE BBINIOIHSAETCS, TO TOBOPST, YTO C.B. X HE MMEET MaTEMaTHYECKOTO
O’KUJIaHUS.

Onpedenenue 18. MaTemMaTHUeCKUM OKHMJIAHUEM C.B. X Ha CYETHOM BEPOSTHOCTHOM
MPOCTPAHCTBE (Q,F ,P) Ha3bIBAETCS YHCIIO:

MX:iX(cok)-P{mk} . (29)

k=0

0
N3 Teopun psiioB U3BECTHO, YTO €CIIM BBITIOJHSIETCS HEPABEHCTBO (28), To psia B hopmyse
(29) cxonutcs, To ecth MX ecTh HEKOTOpPOE JIEHCTBUTENBHOE YHUCIIO.
CgporictBa 1, 2 u 3 MaTeMaTH4ecKOro OXHUAAHUA JUISI CUYETHOTO BEPOSATHOCTHOIO
MpocTpaHcTBa (POPMYIHPYIOTCA W JOKa3bIBAIOTCS TOYHO TakK JK€, KaKk U COOTBETCTBYIOLIUE
CBOMCTBA MAaTOXHUJAHHUS C.B. HAa KOHEYHOM BEpPOATHOCTHOM mnpocTpaHcTBe. CBoMCcTBO 4

dbopMmynupyeTcs Tak: eciiv ¢.B. X 00J1a/1aeT 3aKOHOM PACIIPEICICHHS, BBIMTUCAHHBIM B ONPEACTICHUN
17, 10

MX=Yx,p, . (30)
k=0
JNoxazatenbctBo hopmyisl (30) omyckaeTcs.

®opmynsl (16) u (17), paccMOTpeHHbIE HaMH B CiIy4ae KOHEYHOTO BEPOSTHOCTHOTO

IpOCTpPaHCTBA, IPUHUMAIOT CJ'ICI[YI-OH_[I/Iﬁ BUA:

MX=Y 1), @)
n
Mg(X.Y)=2 > glx,.y,)-P(X=x,.Y=y). (32)

Jlnst cripaBeUIMBOCTH ATUX (OPMYIN TOCTATOYHO TMPEAINOJIOKHUTh, YTO PSbl, (GUTYPUPYIOIIHE B
dopmynax (31) u (32), aGCOTIOTHO CXOIATCSI.

Omnpenenenre HE3aBUCHMBIX C.B. B CIlydae CUYETHOTO BEPOATHOCTHOTO IPOCTPAHCTBA
noBTopsieT onpeneneHue 14, Tonbko K u | Hy)HO U3MeHSTh OT 0 10 GECKOHEYHOCTH, a Teopema 6
MIOJIHOCTBIO COXPAHSIET CUITY.

Jucnepcus ciydaliHOW BEJIMYMHBI B CIIy4ae
CYETHOT'O BEPOSATHOCTHOI'O IIPOCTPAHCTBA

Hucniepcust ¢.B. X Ha CYETHOM BEPOSITHOCTHOM IPOCTPAHCTBE (Q,F ,P) onpenensercs

dopmynoit  (20) (cm. ompenmenenne 15). Ona MokeT OBITH 3amMcaHa B BUAEC psaa C

ITOJIOKHUTCIBbHBIMHU YJICHAMMU
2
0

Dx=Y(X(w,)-Mx) Plo,}. (33)

k=0
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Ecimu cymma pspa (33) koHedHa, TO TOBOPST, UTO AMUCIEPCHs CYIIECTBYET M KOHEUHA.
Ecmu psap (33) pacxonutcst (TO €cTh €ro CymMma paBHa +00), TO TOBOPST, YTO AMCIIEPCUS HE
CYIIECTBYET.

CeoiictBa 1, 2 , 3 u 4 nucriepcuu Ijsi CUETHOTO BEPOSTHOCTHOI'O MPOCTPAHCTBA
(bopMYIHPYIOTCS M TOKA3bIBAIOTCS TOYHO TaK )K€, KaK U COOTBETCTBYIOIIME CBOWCTBA JAUCIEPCHH
C.B. Ha KOHEYHOM BEPOSATHOCTHOM IPOCTPAHCTRBE.

Ilpumep 27 (nponoinkenue mnpumepa 25). Mcnonb3yst HEKOTOpble MPOCTbIE CBONCTBA
PSIOB, MOKHO JIOKa3aTh cleaytonre (GopMyssl s MAaTeMaTHUECKOTO OXHUAAHUS M JUCIEPCHH
c.B. X, BBEJICHHOU B mipumepe 25:

Mx=Ytp*q=2, (34)
k=0 q
< pY p+p> PP p
DX=) k’p'q (—j == 35
Z P R (35)
0

Ilpumep 28 (npopomxenue npumepa 26). Beraucaum 6osiee moapoOHO MaTeMaTHYECKOE
OXHJaHWE W JIUCIIEPCUI0 C.B. X, oOJajaromieil MmyacCOHOBCKMM 3aKOHOM pacmpeneieHus (CM.
tabmuity (27)). lpumensis popmymy (30), momygaem:

e w k-1 _—a

0 0 ak_efa ak.efa a e
MX= Sk Sk _ N e
;x"p k kz(; il 2 il a2 (k—1).

= = . k=1
B nmocnenneit cymme crienaeM 3aMeHy m=k—1 ¥ TIPOJOJIKUM BBIYHCIICHHS:

o0 —a o0

akfl.e am.efa
Z\/LX=a-kZ:l: = =a~z pr =a,

m=0

0 m —a
a”-e
TaK Kak Z ' =1 (cM. BBIYHCIICHHUS, POBEICHHBIE B TpuMepe 26).

m=0

C penwpro BeruCIMTE DX, mojcuuTaeM cHadaia M(X 2) . IIpenctaBum c.B. X ’B BHIE
X?=X(X-1)+X " HauHEM BBIYNCIICHHUS, HCIIOIb3Ys CBOWCTBO JIMHEHHOCTH MATOXKHUIAHHS:
M(X?)=M[X(X~-1)+X]=M[X(X-1)]+ Mx=M[X(X~1)]+a.
Bgens B paccmoTpenne pyaknmio £ (x)=x(x—1), mpumernm popmymy (31):

© © ak_e—a © ak_e—a © akfz_e—a
MX(X-D)]=M[ FXO]=2 1 (x, )2 = 2kl k=1)- == h(k—1)-——=a’-D <
k=0 k=0 k! k=2 k! k=2 (k—?_).
B HOCJ‘ICL[HCI‘/'I CYMMC CACJIacM 3aMCHY m=k—2 H IIPOJOJIPKMM BbIYHCIICHUA:
© akfz_efa © am_efa
M| X(X-1)|=a®) ————=a’" =a’.
[%(x-1)]=a ;(k—z)!_a ,; m

Takum obpazom, M(Xz):a2 +a.
[Tpumensist popmyiy (21) i BBIYUCICHUS AUCTICPCUH, TTOJTyYaCM:
DX=M(X*)~(MX)*=a* +a—a*=a.
Wtak, MBI JoKa3aiu, 4To IS C.B. X, paclpeleseHHOHW IO ITyaCCOHOBCKOMY 3aKOHY C

nmapaMeTpom a, CIIpaBCAJINBBI COOTHOLICHU:
MX=DX=a. (36)
O
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YACTD 2: CJIYUAMHBIE BEJIMUMHBI U UX YNCJIOBBIE XAPAKTEPUCTUKU
Jlexuga 7
Ciy4aitHble BETMYUHBI Ha POU3BOJILHOM BEPOSITHOCTHOM MTPOCTPAHCTBE

Hauwnas ¢ 3TOro MoMeHTa, MbI OyleM paboTaTb Ha HEKOTOPOM BEpPOSTHOCTHOM
MIPOCTPAHCTBE (Q,‘:?, P) (cm. ompenenenue 4), a uepe3 *f Oyaem 0003HA4YaTh OOPEICBCKYIO G-

anreOpy Ha AeicTBUTENbHON npsiMoii R (cM. mpumep 5 u ero npoaokeHus). Hamomaum, 4ro SAT
€CThb HauMEHbIIas G-airedpa, cojaepkaias BCEe WHTEPBaJbl BHJA [a,b) (BKITIOYasi MHTEpBaJIbI
(—oo,b) i [a,+oo)).

Onpeodenenue 19. CnyyaitHol BenMYUHOW X Ha BEpOSTHOCTHOM IPOCTPAHCTBE (Q,?, P)

HasbIBaeTcs Takass GyHKIUS X=X (®) OT 3JEeMEHTApHOTO COOBITHS ® €C), YTO IS JIFOOBIX YUCEI
a<b coObIiTHE {(o eQ:a<X(w)< b} COJICpXKHTCS B G-aireope * 1.

O
MosxHO noka3aTh (3TO BBIXOAMT 3a PaMKHU Halleld MporpaMmmbl), 4To ecid X — C.B. Ha

(Q,?, P), TO JUIs Moboro nmoaMHoxkectBa U € fy% coObITHE {0) e: X(o)eU } TaK)XE COICPIKUTCS

B o-anredpe ‘f. B wactHoCTH, COOBITHE {03 e X (m)e(—oqx)}:{m e X (0))<x} COZICPIKUTCS B S f

pH JTFOOOM JICHCTBUTEILHOM X.
Onpedenenue 20. @yukuyueii pacnpeodeieHus CIydaiHoW BenuduHbl X=X()

Ha3biBaeTcs PyHKIUs y=F(x)c obnacTeio onpenaeicHus R, 3anaromascs popmyioii:
F(x)=P{03 eQ: X((o)<x} . (37)
J
®opmyny (37) yacTo 3anKCHIBAIOT B O0Jiee TAKOHUYHOM BUJIE:
F(x)=P(X<x).
Wuorga, 4toObl TOMYEPKHYTH, YTO paccMaTpuBaeMas (QYHKIUS paclpeiesicHus] eCTh
GyHKIUS pacmpeneNieHdss UMEHHO claydyaiiHoil BenuuuHbl X, MBI yHnoTpeOiseM oO0O3HAuYeHHe

Fy(x)).
CaoiicTBa (DyHKIUU paclpeieleHUs

1. 0<F(x)<I1 nnsaBcex xeR.

2. @ynkuus y=F(x) MOHOTOHHO BO3PACTaET, TO €CTb X, <X, = F (xl)SF (xz) .
3. F(—o0):=1lim F(x)=0, F(+0):=1im F(x)=1.

4. Oynknus y=F(x) HepephIBHA ClIeBa, TO €CTh AJs JII000T0 a €R limOF (x)=F(a).

I[J'I}I A0Ka3aTCJIbCTBAa HCKOTOPBIX U3 3TUX CBOMCTB HaMm HOHaI[O6I/ITCSI cieayromas JieMma,
MMpeaACTaBIAOIIad 1 CaMOCTOSTEILHBIN HHTEPECC.

Jlemma 5. Ilycrts {Ak}w

., — CEMEHCTBO COOBITMH Ha BEPOSATHOCTHOM IPOCTPAHCTBE
(Q,F,P). Torna:

l)ecrm 4, 24, D ... D4, D...1 AZﬂAk,TO P(A):/l(imP(Ak);
k=1 —>0

2ecmn A cA,c...cAd, c...uA={]4,,70 P(A)=11{imP(Ak).
Pt —>0
JlokazarenbCTBO OMyCKaeTcsl.
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U
Hoxazamenbcmeo CBOUCTB QYHKIUU pacpeieIeHuUsI.
1. Tak Kak BEpOSATHOCTH JIFOOOTO COOBITHSI HE MEHbLIE HyJsl M He OOJblI€ €IUHUIbI, TO
JTAHHOE CBOMCTBO HETMOCPEICTBEHHO cleayeT u3 ¢hopmysl (37).

2. Ecmm x,<x,, TO {03 eQ: X(co)<xl}c{(o eQ: X(co)<x2} . Ilpumensis cBoiictBO 3
BEpPOSITHOCTH, TOJIyYaeM: P{(D eQ: Xi ((o)<x1}SP{co eQ: Xi (co)<x2} . Ho neBas wacTte mociemaHero
HEPAaBEHCTBA — 3TO [ (xl) , ampasas — F' (xz) . CnenoBarenbHo, F (xl)SF (xz) :

o0
3. Ilycte mocneaoBaTeabHOCTh {xk} CTPOTO MOHOTOHHO YOBIBa€T K —00, TO €CTh

k=1

X, >Xx,>...>x,>...0H1 limx, =—-o00. O603Ha4UUM Ak:{(er: X((o)<xk} . Jlerko Bugers, uto
k—o
o0
A D4, >... 04, >... n A:ﬂAkzg. (Ilocnennee COOTHOIIEHHME JIOKA3bIBAETCS  OT
k=1

npotuBHoro. Ilycts cymectByer wed . Tak kak limx, = —oo, To Halijzercs HOMep N Takoil, 4yTO

k—

o0
x,<X(w). CnenosarenbHo, ® €4, . Ho 3T0 npoTHBOpEYUT TOMY, 4TO AznAk , TO €CTh (® JOJKEH
k=1

IPUHAIEKATh KAKAOMY COMHOXHTENIO, B TOM uucie U A, .) Ilpumenss nyHkr 1) jgemmsl 5,

noy4yaem, uto 0=P(4)= ]l{imP(A k) = }im F (x ‘ ) . Ilo ompenenenuto mpenena GyHKIUU, B CHITY

o0 .
MIPOU3BOJILHOCTH {x k} , 9TO KaK pa3 1 o3Hayaer, 4yro lim F(x)=0.

k= X—>—00

Cootnomenue lim F(x)=1 moka3bIBaeTcsl aHaJOTHYHO (TIpojienaiTe 3To!).

X—>+00

o0

4, HYCTI) OCICa0BAaTCIbHOCTD {xk} CTpOTO MOHOTOHHO BO3pacTacT K a, TO €CTb

k=1

X, <X, <...<x,<...H ll{imxk =a . O0o3HaUNM Ak:{o;)eQ: X((o)<xk}. Jlerko BUAETH, YTO
-
AcAd,c...cd4d, ... n A:UAk:{co eQ: X(co)<a} (cMm. paccykneHus, MPOBEICHHBIC B
k=1

JI0Ka3aTeNbCTBE MpeAblayliero cpoiictBa). [Ipumensss myHKT 2) jnemMMmbl 5, mojlydyaeM, 4YTO
F(a):P{cer: X(co)<a}:P(A):l£imP(Ak)zlimF(xk). ITo ompenenenuto mnpenena (yHKIUH, B

o0 .
CUITY TIPOU3BOJIBHOCTH {xk}k , 9T0 03Hayaer, 4o lim F(x)=F(a).
= x—>a—0

0
Teopema 7. Ilyctb X=X(®) — c.B. Ha (Q,?, P). Toraa cripaBeaTuBbI POPMYIIBI:
Pla<X<b)=F(b)-F(a) (38)
u
P(X=a)=F(a+0)-F(a), (39)

rie F(a+0):=lim F(x), a aun b — npou3BoNbHEIE IeHCTBHTENBHEIE UHCIIA.

x—a+0

Hoxazamenvcmeo. Tak kak {X<b}={X<a}+{a<X<b} wm cnaraemble B 5Toil CymMe

HECOBMECTHBI, TO B CHIy akKCHOMBI amgauTuBHOocTH P(X<b)=P(X<a)+Pla<X<b), 10 ecTh
F(b)=F(a)+P(a<X<b), oTkyna HemeIeHHO cenyer (38).

0
IIycTte mocmenoBaTeNnbHOCTD {xk}k_1 CTPOTO MOHOTOHHO YOBIBa€T K @, TO €CTh

X, >X,>...>X,>... H }imxk =a . O6o3HaUNM Ak:{cer: X((o)<xk}. Jlerko BHUAETH, YTO
A DA, D... D4, D...1 A:ﬂAkz{m eQ: X(m)Sa} . Ilpumensis myHKT 1) neMMsbl 5, UMeeM:
k=1
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P(X <a)=P(A)= ll{imP(A ‘)= lim F (x, ). To onpenenennto npenena GyHKIHM 5T0 O3HAAET, UTO
P(X<a)= lim F(x)=F(a+0). Ho P(X<a)=P(X<a)+P(X=a)=F(a)+P(X=a) Bcnenctaue

akcuoMbl agautuBHocTH. CnesoBatensho, F(a)+P(X=a)=F(a+0), otkyna Bbitekaer (39).

O
B ciydae KOHEYHOrO M CYETHOrO BEPOATHOCTHBIX IPOCTPAHCTB Mbl XapaKTEPHU30BaIU
CIly4allHYI0 BEJIMYMHY C TOMOIIBIO TaOJIMIBI, KOTOPYI HA3bIBAJIM 3aKOHOM Ppaclpe]esICHUs C.B.

(cm. ompenenenus 12 u 17). HuwkHUE CTPOKH 3TUX TaOIUI] COCTOSIIM M3 BEPOSITHOCTEH P(X =X k) ,
rjae yepe3 x, Mbl 0003HAa4YaIM BO3MOXKHBIE 3HaueHus c.B. X. @opmyna (39) mokasbiBaeT, 4ToO B
o01ieM ciy4yae Takod croco0 ONMUCaHus CIy4alHbIX BEJIMYUH HernpuemieM. J(edCTBUTENbHO, eciu
bysakius y=F(x) HempepbiBHa (MIPUMEphl TaKUX (QYHKIHMHA pacrupesiesieHuss OyayT BCKOpe HaMH
MMOCTPOEHBI), TO JJIA JIO0OTO AcHCTBUTEIbHOTO a moaydaeM F(a+0)=F(a), nu u3 dopmyinsl (39)
cnenyer P(X=a)=0, 4To MpOTHBOPEUHNT MPHHINITY TIOCTPOSHHS TAOJINI pacIpe/ieieH il B cirydae

KOHEYHOT'O U CUETHOTO BEPOSITHOCTHBIX MPOCTPAHCTB.

B ciydae o0miero BEpOSTHOCTHOTO MPOCTPAHCTBA (DYHKIHSI pacIpe/eICHUs] BBITOIHSET
pOIIb  PAacCCMOTPEHHBIX BbINIE TaONHMI] pacnpeneneHus. Baumy cBoicTB 14 QyHKIUH
pacripeniesieHus1, IPUMEPHBII BH]I ee TpaduKa TaKOB:

P(a<X<b)=F(b)-F(a)

P(X=a)=F(a+0)-F(a)

FO| s ~ y=F(x)
Fa+0)| mn — |

BaxHyto ponp urpaer cieayromas Teopema, KOTOpas MO3BOJSET CTPOUTH CIIydalHbIE
BEJIMYMHBI 110 33JJaHHBIM QYHKIUSAM paclpeeeHusl.

Teopema 8. Ilycts GyHkuusa y=F(x), onpeaeraeHHas Ha BCel JEHCTBUTENBbHOM NPsSMOH,
yAOBIETBOpsieT ycioBusM 1-4 ¢yHkuumm pacnpeneneHus. Torna cymiecTByeT BEpPOSITHOCTHOE
IIPOCTPAHCTBO U HA HEM cllyyaiiHas BenuuuHa X, 4bs (QyHKIUS pacrnpeeseHus coBnaaaer ¢ F(x).

Hokazamenvcmeo. B kauecTBe MNPOCTpPAHCTBA DJIEMEHTAPHBIX COOBITUI BO3bBMEM
JEUCTBUTENHLHYIO MPAMYIO R, a B KauecTBe G-anreOphl COOBITHIT BEIOEpEM OOPEIEBCKYIO G-anredpy

fy%. Onpenenum QyHKIINIO MHOXKECTB P na MHTEpBaJax [a,b) CIIeAyOUM 00pa3oM:
P{la,b)|=F(b)~F(a). (40)

MoxHO 10ka3aTh (3TO BBIXOAWT 3a paMKHU Hallel MpOrpaMMbl), 4yTO (YHKIUS MHOXKECTB P
€IMHCTBEHHBIM 00pa3oM JOOMpEAEseTcs Ha BCeX OCTAIBHBIX MOIMHOXKECTBAX U3 G-alreOpsbl <_—7A7
Tak, 4ro P cTaHoBHTCS BEPOSTHOCTHIO Ha ‘j (To ecTb OyAyT BBINOJIHEHBI BCE AKCHOMBI W3
onpexaenenus 4). Takum 06pazoM, Mbl TOCTPOUIIH BEPOSITHOCTHOE MTPOCTPAHCTBO (R‘? IS).

OmnpenenvuM Ha NOCTPOCHHOM (R,?A, IS) TOXAeCTBeHHYIO0 ¢GyHKIMIO X(0)=m, ®eR.
Jlerko BuneTh, 4To X — C.B. Ha (R, F, f’) (moxaxkute 310!). Berunicnum ee GyHKIHMIO pacrpeeieHus
Fy(x). NUmeem:

Fy (x):f’{oa eR: X((o)<x} :ﬁ{(o eR: co<x} :f’{(—oo,x)} .
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O06o03HaYMM Ak:[—k,x). Torma Ajc4d,c...c4, ... n A:UAk :(—oo,x). ITo

MyHKTY 2) JEMMBI 5 uMeeM, ucnoub3ys dhopmyiy (40):
p(_oo,x)=P(A)=g2P(Ak)=}£§OP(Ak)=£%(F(x)—F(—k))=F(x)—ggF(—k).
Tak xak ¢yHkmmus y=F(x) yIOOBIETBOpseT CBOWCTBY 3 (QYHKIMHM pacrpenesieHusi, To
PmF(—k)zF(—oo)zO. Taxum o6pazom, ﬁ(—oo, x):F(x) u, cienoBarensHo, Fy (x)=F(x).
U
3aMeTHM, 4TO IPUMEHEHHBIE B JOKA3aTEIbCTBE TEOPEMBI 8 BEPOATHOCTHOE MPOCTPAHCTBO
(R,S%,If’) U TOXJIECTBEHHAs C.B. X Ha HEM HA3BIBAIOTCS KAHOHUYECKOU peanu3ayueil CIydaiiHON

BEJINYMHBI 110 33JJAHHON (DYHKIIMH PACTIPEICIICHHS.
IIpumep 29. BeruncauMm (yHkuuio pacupeneneHus F(x) uHauxaropa [, (omnpenencHue

11 ocraercst AEWCTBYIOIMM U B CiIy4ae NPOU3BOJILHOTO BEPOSTHOCTHOTO IPOCTPAHCTBA), €CIIU
P(A)=p. Umeem:

P(D)=0, ecnu x<0,
F(x)=P(1,<x)=1 P(A)=1-p, ecru 0<x<I,
P(Q) =1, eciu x>1.
I'padux pynkumu y=F(x) umeer BUI:

7
1 o
y=F(x)
l-p p——
0 1 X

OH npencrasiger co00il Tak Ha3bIBAEMYIO KYCOUHO-TIOCTOSIHHYIO (DYHKIMIO C JABYMsI CKauKaMH.
IlepBblif ckayok rpaduk HUCOBITBIBaET B Touke x,=0, MmpuueM BeIMYMHA CKayka paBHa 1—p, TO

€CTb BEPOATHOCTHU NPUHATHS UHAUKATOpoM [, 3HadeHus 0. BTopoil ckaduok rpayk UCHBITHIBAET B
TOYKE X,=l, IpUUYEeM BEJIMYMHA CKauKa paBHA ), TO €CTb BEPOATHOCTU NPUHATHSI UHIAUKATOPOM [,
3HaueHus 1. Tenmepb COBEPIIEHHO SICHO, KaK € MOMOIIBIO 3TOM (PYHKIIMH pacipeeeHNs COCTaBUTh
3aKOH pacnpeesneHus (Tabnuiy) u3 npumepa 17 u Ha060poT.
O
Onpedenenue 21. Eciu ¢ BeposSTHOCTHIO 1 c.B. X NpPUHHMAaeT KOHEYHOE WM CUETHOE
(3amMchIBaroIIeecss B IOCIEA0BATEIbHOCTh) YHCIO 3HAYEHHUH, TO Takas CiydaiiHas BeIMYMHA
HAa3bIBAETCS IUCKPETHOM.

H

Bce cnydaitHble BEIMYHMHBI, ONPENCIICHHBIE HAa KOHEYHBIX M CUYETHBIX BEPOSITHOCTHBIX
MIPOCTPAHCTBAX SIBISIOTCS TUCKPETHBHIMU. OOpaTHO, KXKAYIO JUCKPETHYIO CIyYalHYIO BETUYHHY
MOYKHO peaTM30BaTh Ha KOHEYHOM HJIM CYETHOM BEPOSATHOCTHOM ITPOCTPAHCTBE (TIoIyMaiTe, Kak!).
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YACTD 2: CJIYUAMHBIE BEJIMUMHBI U UX YUNCJIOBBIE XAPAKTEPUCTUKU
Jlexug 8
HenpeprpiBHBIE CiTyualiHbIC BETMYUHBI

Onpeodenenue 22. CnyualiHylo BeaudyuHy X, OIPEACICHHYIO Ha BEPOSTHOCTHOM
MIPOCTPAHCTBE (Q,?, P), OylnemM Ha3bpIBaThb aOCOJIIOTHO HENPEPBHIBHOM, eciu ee (YyHKIHUIO

pacnpeneneHus F(x) MOYKHO NPEACTaBUTh B BUJIE:

F(0)= [ p(yt, (42)
rie  p(x)=0 — Hekotopas (YHKIMS Ha YHCIOBOH NpPAMOH, Ha3bpIBaeMas IUIOTHOCTBIO
pacripeniesieHus c.B. X.

O

Ecnmu Ham HyXHO OyIeT NHOJYEepKHYTh, 4TO (GYHKOHA p(X) SBISAETCS IUIOTHOCTHIO
pacripesielieHust uMeHHo C.B. X, TO Mbl ee OyzeM 0003HauaTh uepe3 p, (x).
U3 dopmynsr (41) cnemyer dopmyra, BeIpakaromas TUIOTHOCTh pacrpeneicHus p(x)
yepes pyHkuuro pacnpenenenus F(x):
p(x)=F'(x). (42)
OueBuano, uto hopmyna (42) BepHa A TeX TOYEK X ER, B KOTOPBHIX (QyHKIUS p(x)

HenpepbIBHA (3TO CIEAYEeT U3 TEOPEMbl O MPOU3BOJHOM OT MHTErpaja ¢ MEepPEeMEHHBIM BEPXHUM
npenenomM). Ha camoM gene, 3T0 paBeHCTBO CIIPaBeUIMBO AJIS 3HAYUTENIBHO OOJIBIIEr0 YHUCIIA TOUEK
X €R, otHaKo, BOOOIIE rOBOPS, HE Ul BceX ToUeK X €R (cM. Hipke npumep 30).

Teopema 9. HeotpunatenbHas Ha JeHCTBUTENbHON npsMoill R dynkuusa p(x) sBasercs

IIOTHOCTBIO PACTIPCACIICHUA HeKOTOpOﬁ c.B. X TOTrJa U TOJBKO TOrJaa, Koraa

[ po)dx=1. (43)

Hoxasamenvcmso. Heobxonumocts. [lycTh p(x) — MIOTHOCTH pacmpeneneHus c.B. X, TO

€CThb BBINOJHSETCS cooTHolieHue (41), rne F(x) — ¢dynkuus pacnpenenenus c.B. X. Ilepeiing B
paBeHcTBe (41) k mpeaeny npu x—>+00, HOTYUHM:

lim F(x)= lim [ p(t)dr.

ITo cBolictBY 3 ¢QyHKuuu pacnpeneneHuss umeem: lim F(x)=F(+o0)=1. CnenoBarenbHo, mpeaesn
X—>+0

+00

MpaBOM YacTH CYIIECTBYET U, IO OIPEICIICHUIO, PaBeH HECOOCTBEHHOMY HHTETPAITY Ip(t)dt.
-0

~+00

Takum oOpa3om, osTydaeM paBeHCTBO 1= J. p(t)dt, xotopoe moce 3amensl t Ha X aet (43).

—00

Hocrarounocts. Ilycte dynkmus p(x)>0 TakoBa, 4to BeImomHIETCS (43). 3amMeHsass X

+00

HOBOM TNIEPEMEHHOM HWHTErpupoBaHus 1, IOIyyaeM paBEHCTBO J‘p(t)dtzl. O603HaunM

F(x)= Ip(t)dt U JO0KaxeM, uTto QyHkuus F(x) yzaosiueTBopsieT cBoiicTBaM 1—4 GyHKIUU

—00

pacrpeneneHusl.

239



Jlexuyusn 8 no meopuu eeposmuocmeit

Tak kak p(¢)=0, TO 1O CBOWCTBY MO3UTUBHOCTH MHTETpalia moiydaeM F(x)= I p(t)dt=0.

—00

Tak kak 1o CBOMCTBY aJTUTUBHOCTH WHTETpaja I p(t)dt= I p(t)dt+ J. p(t)dt, To:

—Q0 —00 X

F(x)= j p(t)dt:Tp(t)dt—Tp(t)dtzl—Tp(t)dtSl (44)

(mocneaHee HEPaBEHCTBO ONSTh 3allMCaHO C Y4ETOM CBOWMCTBA MO3UTUBHOCTH). Takum oOpaszoM,
0<F(x)<1, u cBoiicTBO 1 PyHKINHU pacTpeieNeHus JOKa3aHoO.

CBoiicTBO 2 TakKe [JOKa3bIBa€TCsl C IMPUMEHEHUEM CBOWMCTB IO3UTUBHOCTH M
aAJUTUBHOCTH MHTETpaa: €ClU X, <X, ,TO

F(x,)= j p(t)de < j p(t)dt +xf p(t)dt = j p(t)dt =F(x,).

+00

W3 Bekimamok B memouke (44) cnemyer, uro F(x)=1- Ip(t)dt. [lepexons B »TOM

PaBEHCTBE K MPEJLITy MPU X—>—00 , TIOJTy4aeM:
F(~0)=lim F(x)=1- lim [ p(t)dt=1- [ p(t)dr=1-1=0.

CaoiicTBO F(+00)=1 momyuaercs nepexoaoM K mpeaerny npu x—>+oo B paBeHcTBe (41).

W3 cBOICTB MHTErpasia ¢ MEPEMEHHBIM BEPXHHUM IIPENEIIOM cienyeT, urto pyHkmus F(x)
HenpepbiBHa Ha R, ecniu p(x) HenpepbiBHA Ha R. MoHO J10Ka3aTh (3TO BBIXOJAUT 3a PAMKH Hallen
nporpaMMmsl), yto F(x) HempepbsiBHa Ha R u 0e3 mpeamnosokeHus o HempepbiBHOCTH p(x). Tem
Oonee, F(x) HempepbiBHa cieBa Ha R. To ecTb cBOWCTBO 4 (PyHKIMHM paclpeleNeHusi Takxke
BBITIOJTHEHO.

[Tpumensist Teopemy 8, 3aKiIO4aeM, YTO CYLIECTBYET BEPOSITHOCTHOE NMPOCTPAHCTBO M Ha
HeM cilydaiiHas BenuuuHa X, ubd (pyHKLHMS pacrpeneseHusl coBnagaeT ¢ F(x) U, cieroBaTelbHoO,

Ybsl TFIOTHOCTB COBIAAET C p(X) . [l
Ipumep 30 (pasnomepnoe pacnpedenenue Ha otpeske). PaccMoTpuM QyHKITHIO:
= 1
y y=p(x) ) —, ecaua<x<b,
T g ;- y=p(x)=4 b—a
ba : ; 0, ecau x<a umu x=b,
: : rpadMKk KOTOpOH MpeacTaBieH Ha pucyHke. Tak
9] a b X Kak p(x)=0 u
+o0 a b +00 a b 1 +o0 1
x)dx= | p(x)dx+| p(x)dx+ | p(x)dx=|0dx+|——dx+ |0dx= {b—a)=1,
[posd= [y pes [ pxyde= fodv+ [7=de+ [0ds= A ba)

TO 1Mo Teopeme 9 ¢yHkuHMs p(x) SBISETCS TIIOTHOCTBIO paclpeieleHus HEKOTopol c.B. X.
Pacnpenenenue 3Toil ¢.B. Ha3bIBACTCS PAGHOMEPHBIM paAcnpedeieHuem Ha OTpe3Ke [a,b] .

Ucnions3ys popmyimy (41), Berancaum ¢yHknuo pacupenenenus F(x) c.B. X. Econ x<a,
x—a

b—a’

X X a X X 1
10 F(x)= | p(t)di= [0dt=0. Ecnu a<x<b, 10 F(x)= [ p(t)dt+] p(t)dt:0+.|.ﬁdt:

—00 —0o0

X a b X b
1
Haxonen, ccm x>b, 10 F(x)= | p(t)di= [ p(t)dt+| p(t)dt+ | p(t)di=0+ . —di+0=1. To ects:
—0 —o0 a b a
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y y=F(x) 0, ecmu x<a,
F(x)= ﬂ, ecnu a<x<b,
b—a
1, ecnu x>b,
) a b X (cM. rpaduk osTOl (yHKIMM Ha pucyHKe). Bun

rpaduka pynkuuu y = F(X) maeT HaM BO3MOKHOCTh
C/IeNIaTh 3aKJII0YEHHE, YTO B 3TOM Clly4ae paBeHCTBO (42) HE BBINOJIHAETCS B TOUKaX x=a U x=b (B
3THX TOYKAX JAXKE HE CYLIECTBYeT mpou3BoaHast F'(x)). B ocTanbHBIX e TOUKAaX PaBeHCTBO (42)
BBITMIOJTHEHO KaK B TOYKAX HEMPEPHIBHOCTH MNIOTHOCTH y=p(X).

O
Ipumep 31 (noxkazamenwvnoe pacnpeodenenue). PaccMoTpum QyHKIIHIO
XA B B re ™, ecau x>0,
y=px)= 0, ecau x<0,
rpaduK KOTOpOH MpeicTaBlieH Ha pUCYHKe. Tak Kak
y=p(x) p(x)20 u
+00 0 +00 0 +00
[ podx = [ poydx + [ pxydx = [0dx + [re™dx
0 X ~ 0 Y
=—e ™| " =—(0-1)=1,

ToO 1o Teopeme 9 GyHkums p(x) SABIAETCS
IUIOTHOCTBIO  paclpenesieHus HekoTopoil c.B. X. Pacmnpenenenue 3Toi c.B. HasbIBaeTcs

HOKa3ameabHbIM pacnpedesieHuem ¢ mapamMmeTpom A.
Hcnonwsys Gopmyny (41), Beruricnum pyukuuio pactpenenenus F(x) c.B. X. Ecan x<0,

To F(x)= J-p(t)dt= J.Oa’t=0. Ecmu O<x<+o0, TO

0 X X
F(x)= [ p(tyde+[ p(t)di=0+ [re ™ di=—e ™ =1-¢ 7
—0 0 0
Taxum oOpazom:
F (x):{

? (cM. rpaduk 3TOM PYHKIIMK HA PUCYHKE).

0, ecnu x<0,

-
1-e™, ecmu x>0

[]

Ilepen Tem, Kak paccMOTPETh CIEAYIOIIMMA
(0ocoOeHHO BaXHBIA) TPUMEpP, BBEAEM O0003HAUYEHHUsA, KOTOphIE OyJIeM CHCTEMaTHYECKH
UCIOJNIb30BaTh B AanbHeleM. Mtak, 0003HaUNM:
1 7& x 1 X _ﬁ X 1 X _ﬁ
X)= e 2, d(x)=|o(t)dt= e 2dt, ©,(x)=|o(t)dt= e 2dt (45)
PO)= e * s @)= Jodi=p— O O

Oynkumio  P(x) YacTo HaA3BIBAIOT uUHmezpanom eepoamuocmu ILaycca. W3  Tteopun
HECOOCTBEHHBIX MHTETPAJIOB H3BECTHO CJIEIYIOIIEe PAaBEHCTBO:

+00 1 +o0 7&
O(+o0)= [p(1)dr= Vo [ezar=1. (46)

SIcHo, uTO QyHKIMA @(x) yeTHas, To ecTh @O(—x)=@(x). Orcioga cienyer, uto GyHKIUSI D,(x)
HedeTHas. JIeHCTBUTENbHO:
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z=—t = dt=—dz| | .
D, (—x)= j(p(z)dt_ =0 = 220 |=[@(~2)dz=—[0(z)dz=D, ().
t=—x = zZ=X 0 0

Takum 06pa30M

\/_j Zdt_\/_J. 2dt+\/__|. Zdt——\/—

To ectb, ®,(4+00)=0,5. U3 HpOBeHeHHOI/I BBIKJIa,D;KI/I Takke BbITekaeT, yto P(0)=0,5 u

1= j 2dt+<D L (+00)=—D (00 )+ D, (+00)=2D,, (+0).

D(x)=—— \/_ je 2dt+ \/—je Zdt D(0)+®D, (x)— +®,(x). (47)

Tabnuiy 3HaueHun (byHKLu/H/I @, (x) MOXKHO HAWTH B JIFOOOM I1OCOOUH 110 TEOPUHU BEPOSITHOCTEH.
Ipumep 32 (nopmanvroe pacnpedenenue). PaccmorpuM GyHKIIHIO

) 1 —()‘2 a9 (x—a)

xX)= e o == —|,

P V2o G(P c
(a€R,5>0), rpaduk KOTOpPOH NpEACTABICH Ha

X PHUCYHKe. 10T rpaduk CUMMETpPUYEH
OTHOCUTEIILHO MPSIMON X=a ¥ UMEET B TOUKE X=d
€IMHCTBEHHBII SKCTpEeMyM (MaKCHMyM), PaBHBIH

1
J2n-6

IIPU TTOCTOSTHHOM G HE MeHseT (popMy rpaduka, a BI3BIBACT JIMIIb €T0 CMEIICHUE TI0 OCH alcIucc.
Tak kak p(x)=0 u

C yMmeHbIIEHHEM G 3TOT rpaduK CTAHOBUTCS Bce Oosiee OCTpOBEpIIMHHBIM. M3MeHeHne a

X—a

=—— = Xx=0t+a = dx=0cdt
+00 +w1 _ G
Ip(x)dx: j g(p(xca)dx: xX=—0o = t=—0 = I(p(t)dtzl ,
e e X=+0 = f=400 s

TO 1Mo Teopeme 9 ¢yHkumMs p(x) sABISETCS TMIIOTHOCTBIO paclpeneneHus HeKOoTopoi c.B. X.

Pacnpeznenenue 3Toil ¢.B. Ha3bIBACTCS HOPMANbHBIM paAcnpedesienuem ¢ TapaMeTpamMy a U G.
Ucnone3ys popmyiny (41), Beruucium pyHkuuto pacnpeaenenus F(x) c.s. X. Umeem:

t—a

z=—— = (=0z+a = dt=odz| ¢
1 c g _
F(x)= jp(t)dt j @( ajdt: o = z=— = jcp(z)dz:op(%“j. (48)
t=x = sz a -
(&)

Ha pucyske npencrasieH rpaguk GyHKINH
pacnpeeneHuss HOpMaJIbHOM C.B. ¢ TapaMeTpaMu a 1

c.
U
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YACTD 2: CJIYUAMHBIE BEJIMUMHBI U UX YNCJIOBBIE XAPAKTEPUCTUKU
Jlexug 9

Marematuueckoe 0xu1aHne abCONIOTHO HEMPEPBIBHBIX
CIIyYalHBIX BEJIUYUH

Onpedenenue 23. MarteMaTHUECKUM OXHJAHHEM a0COJIIOTHO HENpPEephIBHOW C.B. X €
IJIOTHOCTBIO pactipeneneHus p(x) (cMm. onpezeneHue 22) Ha3bIBAETCS YHCIIO

MX= fxp(x)dx , (49)

+00
IpU YCIIOBUH, YTO HECOOCTBEHHBIM MHTETpan a0COIIOTHO CXOAUTCS (TO €CTb, I|x| p(x)dx<+w). B
e

+00
IIPOTUBHOM ciy4ae (TO €CTh, €CIIH I|x| p(x)dx=+00) roBOpPAT, YTO MaTEMATHYECKOE OXKHJIAaHUE HE

e

CYILECTBYET.

U
3ameTuM, 4TO BBIpakeHUe (49) aHAJIOrMYHO CBOMCTBY 4 MATEMaTHYECKOTO OKHJIaHMUS,
JIOKa3aHHOTO HAMM JUISl IUCKPETHBIX CIy4ailHbIX BenuduH (cM. dopmyinsl (14) u (30)). B stux
JEKIHUSIX MBI HE MOKEM JaTh OIpeJesieHHe MAaTOXUJAHHUS MPOU3BOJIBHON CIIy4allHOW BEIWYHHEI,
TaK KakK 3To moTpeboBasio Obl BBeACHHUS 0OIIeH KOHIeNIuu uHTerpana (uHTerpan JlebGera), uto
BBIXOJMT 32 PaMKHM IMPOrpaMM TE€XHUYECKUX By30B. @opmyina (49) B BBIYMCIUTEIBHOM IUIAHE
XOpoIlla, OJHAKO B TEOPETUYECKOM IUIaHE OHa 00JaJaeT CyLIeCTBEHHbIMH HEJIOCTaTKaMHU.
Hanpumep, ucnonsiys (49) HEBO3MOXKHO /10Ka3aTh CEOUCHMEA JTUHEHUHOCMU U MOHOMOHHOCMU
Mamemamuyeckozo oxcudanua (cM pazgen "MaTeMaTHdyeckoe OXHJAHHE B Clyyae KOHEYHOTO
BEPOSATHOCTHOI'O TPOCTPAHCTBA"), KOTOpPbIE, TEM HE MEHEE, CHpageonuewl. ITU J10KA3aTEIbCTBA
HEBO3MOXHBI MTOTOMY, YTO CyMMa a0COJIIOTHO HENPEPBIBHBIX C.B. MOXKET HE MMETh IUIOTHOCTU

pacnpezenenus (mpuseaute npumep!).
Ilpumep 33 (npoposmkenue npumepa 30). Beruucium maremaTHueckoe OXKUIaHUE C.B. X,

PaBHOMEPHO paclpeeIICHHON Ha OTpe3Ke [a,b] . [Tpumenss popmyiny (49), umeem:

+oo b 2|0 2 2
1 I x b"—a” a+b
MX= dx=|\x——dx="—"—"—"| =—F——=—"—. 50
_[fp(x) * [x b-a" b-a 2| 2b-a) 2 (50)
a+b
Takum oOpazom, MX =5 HaXOJUTCS Ha CEpeIMHE OTpE3Ka a,b].

U
Ilpumep34 (nponomkenue npumepa 31). ). Beruncnum maremMatudeckoe OXugaHue C.B. X,
UMEIOIIEH MoKa3aTeNnbHOe pacnpeaeneHue ¢ mapameTpom A. [Ipumenss dopmyiny (49), umeem:
2 2 N U=x = du=dx
MX::[Oxp(x)dx:Ix-ke dx= drehe™  — V:J.ke_”dx:—e_“ =—X

0
= _7\1_

0

e—?oc

+00
+00
—Ax
. +_[e dx=
0

z—x-67M

dopmyna
1
MY =— (51)
A

WHTYUTUBHO sicHa. [[eficTBUTENbHO, YeM OOJbIe A, TEM IJIOTHEE MpaBasi 4acTh rpaduka QyHKIIUH
y=p(Xx) MPUMBIKAET K OCH OpJUHAT (CM. pUCYHOK B mpumepe 31). A 3To o3HAYaeT, YTO MOUYTH BCS
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"Macca" TOKa3aTelIbHOTO pacmlpeseieHus (C 3TUM MapaMeTpoM A) COCpPEeIOTAauuBaeTCs BOJIH3U
HyJs. To ecTh MaTeMaTH4eCKOe 0XKUaHNUE JOJKHO OBITh MAJIbIM.
U
Ilpumep 35 (npopomxeHue npumepa 32). Berunciaum MareMatnueckoe OXujaHue C.B. X,
HMEIOIIEeH HOpMaIbHOE pacipeiesieHue ¢ napamerpamu a u o. [lpumensis popmyiy (49), umeem:

+o0 +00 l _ +00 1 _ +00 _ _ +00 1 _
MX = J.xp(x)dx:J.x-—q)(x ajdx:J.(x—a+a)~—q)(x ajdx=J‘x a(p(x ajdera'I—(p(x ajdx:
s c 2 c o ’c c

K c c c o
x—a (x-a
= J. (p( jdx+a .
J o o
B mocieanem uHTErpae caenaeM 3aMeHy IepeMEeHHBIX:
x—a
=—— = Xx=0t+a = dx=odt
x—a (x-a G ¢
—| — |dx=| x=—0 = t=—00 =c- It(p(t)dt.
c o
B X=+0 = t=+00 -

Ho Tak xak nonpIHTEerpanbHas QyHKUMS f@(f) — HEUeTHas, a UHTErpaj Oepercs IO MHOXKECTBY,

CUMMETPUYHOMY OTHOCHTEIBHO HYJS, TO ITOT MHTErpall paBeH HYIIO (UMTATENI0 MpearaeTcs
MOJIYYUTh HYJb TPSMBIM BBIYUCIICHHEM, a WMEHHO, NMPUMEHHUTH (DOPMYITy WHTETPHUPOBAHUS IIO
gacTsaMm). Takum oOpazom,

MX=a. (52)

DTOT pe3yNbTaT €CTECTBEHEH B CHIIy TOTO, YTO MpsiMasi Xx=a SBISETCS OChI0 CUMMETpUU rpaduka
byskuu y=p(x) (CM. pUCYHOK B mipumepe 32).

]

Teopemuueckoe ynpasichenue. Jlokasath ciieqyrolee od1iee yTBEepKISHHE: eClid KaKas-To

c.B. X UMEeT IUIOTHOCTh pacnpeaeneHuss y=p(x), rpaguk KOTOpoil CUMMETPHUYEH OTHOCHUTEIBHO

IpsAIMON X=a , U MaTEMaTUYECKOE OKUJIaHHUE CYyLIECTBYET, TO MX=a.
Jl1st aGCOMOTHO HENPEPBIBHBIX C.B. aHAJIOT TeopeMbl 4 (cM. Taxxke popmyny (31)) umeer
BUJI:

Mf(X)= [ £y p(o)dx, (53)

rae p(x) ecTb IUIOTHOCTH paclpeliesieHus C.B. X, a HeCOOCTBEHHBIM MHTErpaji crpaBa abCOIIOTHO
cxoautcs. JlokazarenbcTBO (hopmydisl (53) omyckaercs.
IIpumep 36 (nponomxenue npumepoB 30 u 33). /lnd c.B. X, paBHOMEPHO pacripe/ielIeHHON
Ha OTpEe3Ke [a,b] , Haitnem M (X 2) . Beens pynxiumio f(x)=x" u npumenss popmyiny (53), umeeM:
) b
¥ ‘ 1 x| b-a’ a*+ab+b’

2\ (.2 _ 2.L _ A _
M(X )— Ix -p(x)dx—:[x b—adx_b—a 3 0_3(b—a)_ 3 . (54)

—00

U
Ilpumep 37 (npopomxenue npumepoB 31 u 34). Ing c.B. X, umeroniei nokazareabHOe

pacripesielieHue ¢ IMapaMeTpoM A, HaijaeMm M(X 2). Beens ¢ynkiuio f(x)=x’ u OpUMeHss
bopmymy (53), umeeM:

M(X2)= sz -p(x)dx= Ixz e Mdx=
N )
u=x> = du=2xdx +o0 5 ) 5
- = T o 2 —hx = . —hx :—-MX:_ .
dv=he™Mdx = v=_|.7ue_)“’ca’x=—e‘M X e |o + .([xe dx N '([x he " dx ) X

Hrak,
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M(Xz)—%. (55)

U
Ilpumep 38 (npopomxenue npumepo 32 u 35). [ns c.B. X, umeronieii HopMajibHOE

pacrpeiefieHle ¢ rapaMeTpamMu a U G, HalJeM M(X : ) Beens ¢ynkumoo f(x)=x> ¥ npuMeHss
dbopmyiy (53), umeem:

M(X2)=Tx2~p(x)dx:T l(p( jdx +j:[(x a)+a| —(p( - )a’x T(x a)2~é(p(ﬂ)dx+
+J.2a x—a)- éq)(x ajdx+£a2-é(p(x_a)dx:jic-(ﬂj -(p(ﬂ)dx+0+a2:

c c c
¥ (x-a)’ (x-a
— — 2
zjc-( ) -(p( jdx+a
c c
—00
(MBI KCIIOJIB30BANIM PE3yNbTaThl BBIYMCICHUM, MPOBEACHHBIX B mpumepax 35 u 32). Beruucoum
MOCTIEAHUN HHTETPAJL:

x—a
t=—— = Xx=ot+a = dx=odt i
¥ (x—a)’ (x-a o 3 c? W C
IG'( j '(P( jdx: Y=o = [=—0 ZGz-jtz@(t)dt: .Itze 2 dp=
., .\ o c ) o)
X=+0 = f =400
u=t = du=dt 2 A e 2 2 s g

(e)
I 2=

_ fo] _
= v L= | —te 2| +|e *dt|= | e 2dt=c>
dv=te *dt = v=—e 2| V2@ » ‘[O V21 ‘[

—00

(Ha mocneHeM 1are Mbl npuMeHwIU Gopmyiy (46)). Urax,
M(X?)=c+a’. (56)
0

Janum Ttenepb oOliee ompeneneHHe HE3aBUCHUMOCTH (IPUTOJHOE, B YAaCTHOCTH, IS
a0COJIIOTHO HENPEPBIBHBIX CIIyYailHBIX BETMYMH).

Onpedenenue 24. Cnyuaiinple BenuuuHbl X U Y, OIpelneleHHblE Ha HEKOTOPOM
BEPOSITHOCTHOM ITPOCTPAHCTBE (Q,f?, P), HA3bIBAIOTCS HE3aBHCUMBIMH, €CIIM JUIS JIIOOBIX
JEHCTBUTENBHBIX YKCel @, b, C ¥ d BBIMOIHACTCS PABEHCTBO:

P(a£X<b, cSY<d):P(aSX<b)~P(cSY<d). (57)
J

MoxHO noka3aTh (3TO BBIXOAMT 3a paMKH Hameil mporpammsl), yto eciud ¢.B. X u Y

HE3aBUCHMBI, TO TSl TIOOBIX OopeneBckux MHOkecTB U,V € ‘j CITPaBEUTMBO COOTHOIIICHHUE:

P XeU,YelV)=P(XeU)-P(Yel). (58)

®opmyna (19) ocraercs cripaBeIMBOM I HE3aBUCHMBIX aOCOJIOTHO HENPEPBIBHBIX C.B.
Xu Y (nocrarouHo nuib notpedoBaTh cymectBoBanus MX u MY). MoxxHO Takke JoKa3aTh, YTO
€CJIN IUIOTHOCTH 3THX C.B. PaBHBI COOTBETCTBEHHO p(x) M ¢(x), To ¢.B. X-Y Takxke uMeer

MJIOTHOCTB 7(X), BRIYUCISIEMYIO 110 (hopMmyJIe:

o= oo 3 (59)

Jucnepcust abCONMIOTHO HEMPEPHIBHON
CITy4ailHON BEJIMYHHBI
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Hucniepcust  abcomoTHO HempepsiBHOW C.B. X ompenensercs dopmynon (20) (cm.
onpexaenenue 15). Ucnonw3ys popmyiy (53), MOKHO 3aMucaTh:

+o0
DX= I(x— MX)2 -p(x)dx . (60)
Zo
Ecnu unTerpan cripaBa cXoAUTCs, TO TOBOPSIT, UYTO JUCIIEPCHUS CYIIECTBYET U KOoHeuHa. Eciu sxe on
pacxoautcs (TO €CTh paBEH +00), TO TOBOPSIT, YTO AUCIIEPCHSI HE CYIIECTBYET.

Bce cBoiictBa qucniepcuu 1—4, gokazaHHble HAMH B CIy4ae KOHEYHOTO BEPOSITHOCTHOTO
MIPOCTPAHCTBA, OCTAIOTCS CIPaBEAJIMBBIMU U /711 a0COJIOTHO HEMpephIBHBIX C.B. [Ipu 3TOM TOJIBKO
JUIIb JIOKA3aTeNbCTBO CBOWMCTBA 2 HyXkmaercs B Moaupukanuu (MBI €€ OIlycKaem), a
JIOKa3aTesbcTBa CBOMCTB 1, 3 1 4 nocimoBHO moBTOpsitoTes ( cM. pazzaen "CBoicTBa aucnepcun").

Ilpumep 39 (npopomxenue npumepoB 30, 33 u 36). [loncraBus Beipaxkenus (50) u (54) B

dhopmyny (21), BBIYHCIUM TUCIIEPCHIO C.B. X, PABHOMEPHO pacipeieICHHON Ha OTPE3Ke [a,b] :
a’+ab+b’ (a+bj2_(b—a)2
3 2/ 12

Lpumep 40 (npopomxenue npumepos 31, 34 u 37). [loacraBus Beipaxenus (51) u (55) B
dopmyny (21), BBIYUMCINM JHCHEPCHIO C.B. X, HMEIOLICH II0Ka3aTelIbHOE pacIlpeeiieHue ¢
rmapamMeTpoM A

DX=M(X?*)~(MX)’ = (61)

2 (1) 1

2 2

Dx=M(X?)~(MX) =F_(Xj =7 (62)
Ipumep 41 (nponomxenue npumepon 32, 35 u 38). [loacraBus Beipaxenus (52) u (56) B

dopmyny (21), BBUMCIMM JAMCHEPCHIO C.B. X, HMEIOIIEH HOpPMajbHOE paclpeieieHue ¢

rapaMeTpamMu a v G.
2
DX=M(X*)~(MX)’=c*+a’~a*=c". (63)
Teopema 10. 1) Ecau c.B. X>0 o6nagaeT KOHEYHBIM MATEeMAaTUYECKUM OKUIaHHEM, a
yucno ¢>0, To cpaBeINBO nepeoe nepagencmeo Yeoviuesa:

P(des% : (64)

2) Ecnu c.B. X uMeeT KOHEUHYIO JAUCIEpCHIo, a yucio ¢>0, TO CIpaBeAuBO 8mopoe
nepasencmeo Yeovliuesa.

P(|Xx—Mx|>c) (65)

Hoxasamenvcmeo. 1) Tak kak X>0, 1o X2X-I,, 2c1,, . Hcnonesys cHadana

DX
<.
C

CBOMCTBO MOHOTOHHOCTH, a 3aT€M JIMHEWHOCTH MaTeMaTUYECKOT0 OKUaHUs, a TaKKe CBOMCTBO 2,
MO3BOJISIONIEE BBIYUCIATH MaTeMaTHUYeCKoe OKuJaHue uHAuKaropa (cM. pasgen "CBoiicTBa
MaTeMaTHYeCKOro OKUAaHUs"), MOTydaeM:

MX2M(c1 . |=e ML )=e-P{X20),
OTKYJIa BBIBOJUM HEPaBEHCTBO (64).
2) Ipumensis HepaBeHCTBO (64) K ciryuaiinoit Benuuune (X —MX)’, umeem:
M[(x-Mx)] D
2 —

C C

P X - MX[2c)=P((X - MX)*2c?)<

P
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Jexuua 1 no mamemamuueckon cmamucmukxe

Jlekmusa 1
HekoTopbie BepOsSITHOCTHBIE XapaKTEPUCTUKHU U PACTIPEACICHUS

Jlis  mpoCTOTHI OyaeM cuMTaTh, YTO BCE paccMaTpuBaeMmble (YHKIMU
pacripesielieHus] HENpepbIBHBL, XOTS MHOTHE ONpEeAENeHHS U pe3yiabTaThl BEPHBI JUIS
MPOU3BOJIbHBIX PACIIPEIECICHUM.

Onpedenenue 1.  Moooii M, (X) HenpepblBHOH clydaiiHONH BeqHuMHBI X

Ha3bIBAaCTCSI TaKOe €€ 3HAa4YCHHWE, IPH KOTOPOM JOCTHUTAeTCS MAKCHMYM IJIOTHOCTH
pacrpeeneHusl.

Onpedenenue 2. Meouanoii M, (X) HempepwiBHOI ciyuaiiHO# BenuumHbl X

HAa3bIBACTCA TAKOC €€ 3HAUCHUC (/, IJISI KOTOPOT'O BBIMMOJHACTCA PABCHCTBO

P(X < u)=P(X > u)=0,5. (1)

['eomerpuuecku Mopaa siBisieTcss aOCHMCCOM TOW TOYKM KPHUBOWM pacrpeiesieHus,
OpIMHATa KOTOpON MakcuMmaiabHa. COOTBETCTBEHHO, OpJMHATa, MPOBEAEHHAS B TOUYKE C
abciuccon X =y, NeTUT MOMOoJIaM IJI0Ia (b, OTPAHUYEHHYIO KPUBOU pacipeiesieHusl.

A

MeHb LLadA

NJIOTHOCTb
nnowagb max BeJiminHbl, T.€.

max BEPOATHOCTU

MeavaHa Xos

Ilpumep 1. ]JlaHa mIOTHOCTb BEPOSITHOCTH HENPEPHIBHOM CIIy4YailHON BEJIMYMHBI

2%—x2 " o o o
p(x): e”*™ . Haiitn MOJY 3TOU CIIy4YalHOMN BEJINYMUHBI.

Pewenue. Hatinem MakcumyM QyHKIIHH Y = p(X). J{ns1 5TOr0 HAaX0AMM MPOU3BOIHBIC

TepBOTo 1 BTOporo mopskoB: P'(x)=(2 - 2X)(92X‘X2 , p'(x)= 262 4 (2- 2x)2e2x‘x2 ,
13 ypasrenns P'(X)=0 momyuum X =1. Tak kax p"(1)=—-2<0, To npu X =1 dyHKums
y= p(X) UMEeT MaKCUMyM, To ecTb M, (X ): 1.

IIpumep 2. Jlana TIIOTHOCTh BEPOSITHOCTH HETIPEPHIBHON CITy4alHOM BETHUUHBI X
0, npu x <0,

3
p(X)z X—XT, npu 0<X<2,

0, npu x> 2.

Haiitn Menuany 3TOM Cy4ailHOW BEJIMYUHBL.

3
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Pewenue. Menuany  HaliileM U3 yCJIOBUS P(X <y)=0,5. [lo ycnoBuio

U 3 N # ,U2 ,u4
P(X <y):j X—— |dX=| ———|| ==—=—-%=. Taxkum o6pa3om, HeE0OX0AUMO
5 4 2 16 2 16
0
2 4
pPEIINTh ypaBHEHUE % — f_G =05uwm u* —8u*+8=0, otkyna u° =4+ /8, 3Hauur,

(=14 ++/8. U3 nonyueHHBIX KOPHEH YpAaBHGHHMS Hy)XHO BBIODATh TE, KOTODBIC
npunagnexar uatepsany (0,2). Takum oGpasom, M . (X ): V4-48.

MaremaTudeckoe OXKHUJAHWE U JUCTIEPCHUs SBISIIOTCS YaCTHBIMHU ClydasMu Ooiiee
OOIIIUX MOHSTUNH — MOMEHTOB CIIy4allHOM BEJMYWHEI.

Onpedenenue 3.  Hauanvnvim momenmom nopsaoka S CIydyailHOW BETMYHHBI X
Ha3bIBACTCI MaTEMaTHUECCKOE O)KMJAHHUE S - I CTEIICHU 3TOM BEJIMYMHBI:

m,(x)=M(x) @
[Ipu s =1nonyyaem MaTeMaTHYECKOE OKUJAHUE CITYYailHOU BEIUYMHBI X.

Onpeoenenue 4.  IlenmpanvHboim MOMEHMOM RNOPAOKA S CIyYalHOUN BEITHMUYMHBI
5.

X Ha3bIBACTCS MaTEMaTUYECKOE OXHNJaHNC BCINYHNHBI (X -M (X ))

#s(X)=M(X = M(X)y (3)

[Ipu S =2 nonydaeMm IUCIIEPCUIO CIyYaWHOU BEJIMUUHBI X.
Teopema 1. (cBSI3b MEXAY LIEHTPAJIbHBIMUA M HAYAJIbBHBIMH MOMEHTAMHU).
s Bcex s=0,1,2,... cnpaBeanuBa gpopmyina

s
k k 1
Hs = Z(_ 1) CsKrns—k my (3)
x=0
.,HOKCZS’ame]lbcmgo OHYCKaeTCH.

Onpeodenenue 5. Koagppuyuenmom acummempuu cinydaiiHON BETUUUHBI X
HA3bIBACTCS YHUCIIO

ﬂs(x )
S (X)=-"25 (@)
3
(o(x))
Koadbdumment S, (X ) CIIY’KUT JIJISl ONUCAHUS OTKJIOHEHUS TIJIOTHOCTEN BEPOSITHOCTEN OT
CUMMETPUYHOTO BH]IA.

A

L N > X
MX =Xy5 = MO(X)
Cummempuunoe pacnpeoenenue

4
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A

Yt | Y I

[
»

N\
Mo(X) X MX M, (X)
: \MX

Hecummempuunoe pacnpedenenue
(MHTYHTHBHO, GOIBIION «XBOCTY» yXOIHT BIpaBo, ecmn 44,(X)>0=S,(X)>0 u

COOTBETCTBEHHO, BJIEBO, ecin 113(X )< 0= S, (X)<0).

Onpedenenue 6. Korgpgpuyuenmom 3xcyecca cinydaitHOU BETUIUHBI X
HA3bIBAETCS YUCIIO

ExX(X )= LX)“ -3 (5)
(o(X))

Jlauubiit K03 OUITMEHT U3ydaeT OTKJIOHEHHE OT HOPMAJIbHON IIJIOTHOCTH IO YacTH
ocTpoBepiinHHOCTH. [Ipu 3TOM “—3” nmobGaBieHO AJis TOro, 4TOOBI JJII HOPMAJIBHOTO
3aKOHA pacrpeiesieHus EX(X ) =0. TlonmoxxurenbHbIi 3KCIIECC OOBIYHO YKA3bIBAET HA TO,
YTO pacCMaTpUBaEMOE pacipeielieHne UMeeT 0oJiee BRICOKYIO U 00siee OCTPYIO BEpIIUHY,
YeM y COOTBETCTBYIOIIEH HOPMajbHOW KPHUBOM, a OTpUIIATENbHBIN — 0Oo0Jiee HU3KYIO U
TUTOCKYIO.

a

Y

(HOpMasIbHOE pacIpeiesICHUE)

CyliecTBYIOT TaKke M JIPYTUE€ XAPaKTEPUCTUKH BEPOATHOCTHBIX PACTIPENEIICHHI,
U3  KOTOPBIX  CaMbIMM  BaXKHBIMU  SIBJISIIOTCSL  OPOU3BOJAIIAs  (PYHKUUS U
xapaktepuctuueckas Qynkmus. [locmenusass ¢yHKIUsS — ompenensieTcss C TOMOIIBIO
KOHCTPYKITHH, CBI3aHHBIX C TEOpHEH (QYHKIIMIA KOMIUIEKCHOTO TIEPEMEHHOTO.

[MpousBoasmas GyHKIUsS
C nomoipio NMpou3BOASIINX (QYHKIUNA YIOOHO HAXOJIUTh Ba)KHEHINHME YUCIOBBIC
XapaKTEPUCTUKU CIyYalHBIX BEJIMYUH C LEJIBIMU HEOTPULATEIbHBIMHA 3HAYCHUSIMH.
[TycTh cnyyaitnas BennunHa X npuHumaet 3Hadenus 0,1,2,...K,... ¢ BeposTHOCTIMH

Pos Prs Pasees P = P(X =K),...
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Onpedenenue 7. llpousBoasuient QyHKIuen ciiydailHOM BenuuuHbl X Ha3bIBACTCS
(GyHKUUSA BUIA

P(2)=3 Py 2 = Py + iz + p2® +.. (6)
k=0
IJI€ Z - MpOU3BOJIbHBIN napameTp, 0< z <1,

Huddepenuupys 1o z npou3BOAANLYI0 GYHKIUIO, TOTYy4YUM go'(z): i P - K- A
k=0
mpu z=1 ¢'(1)= i P, -k=MX=m,(X). Ananormdno, B3fB BTOPYIO TPOH3BOTHYIO
k=0
byuximn @(z) u monoxus z=1, umeem: @"(1)= i p, k% - i P, -k=my(X)—m,(X).
k=0 k=0

Torpa
DX =MX? —(MX )" =m,(X )= (my (X)) = (my(X )~ my (X )+ my (X )~ (my (X ))* =

=¢"(1)+¢'(1) - (¢'1))".

Ilpumep 3.  HaliTu MaTemMaTH4YECKOE OXHIAHUE W JHUCIEPCHIO CIy4YailHON
BEJIMYUHBI X, 3aJJaHHOU PSJIOM paclpeesIeHus:
X 0 1 2 3
p 0,01 0,027 0,243 0,729
Pewenue. 3anuuieM OpOM3BOAAINYI0 (GYHKIMIO CIy4allHOH BeNWYMHBI X:

gp(z) =0,01+0,027z +0,2432% + 0,729z3. Haiinem NIEPBYIO MTPOU3BOAHYIO ATOM ()YHKIIUH:

(p'(z) =0,027 + 0,486z + 2,187z2°. I[Ipu z=1 nonyyum (p'(l) =2,7=MX . AHaJIOTHYHO
HaXOo.Is BTOPYIO IPOU3BOIHYIO " rojiaras z=1, MMEEM:
¢"(2)=0,486 + 4,374z, ¢"(1)=4,86, rorma DX =4,86+2,7—(2,7)° =0,27.

XapakTtepuctudeckasi GyHKITUSI

Onpedenenue 8.  XapaKTepUCTHUYECKOM (YHKIMEH CIydyalHOW BEJIMYHMHBI X

Ha3bIBACTCA MaTCMAaTHYCCKOC OXKHJaHHC CJ'Iy‘-IElfIHOfI BCJINMYMHBI eltx .

ox (t)=Me™ ()
[TycTh cnyyaitnas BenmnunHa X npuHuMaet 3Hadenus 0,1,2,...K,... ¢ BeposTHOCTIMH
Pos Prs Py Py = P(X = k) Torma ee xapaktepucTHdecKass (QYHKIUS OIPEACIICTCS

bopmymnoit: @y (t)=>e™ - p,.
k=0

CrpaBeyTBHI CIIEAYIOIINE PABEHCTBA:

1. ! (0)=i* -M(x*)=i*-m,(X)

2. MX =m,(X)=—i-¢}(0)

3. DX =my(X) = (my(X))* =95 (0)+ (o5 (0))".

Ilpumep 4. Haiitm xapakrepuctudeckyto ¢yaknuo, MX, DX  caygaitHoi
BEJIMYHMHBI X, pacupeaesiCHHOH M0 OMHOMUAIBHOMY 3aKOHY (camocmosimenbHo).
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Jlexuus 2

[Ipexxne yem meperTH K OmMCcaHWIO0 (DYHKIMI pacnpefeneHusi, 0COOEHHO YacTo
BCTpEYAIOIICICS B CTATUCTUKE, pACCMOTPUM J1B€ (PYHKIIMH, Ha3bIBaeMble [ -pyHKIusIMHU U
[ - bynkuusimu Ditnepa.

Onpeodenenue 9. I'amma-pyukyuamu Jiinepa (I'-byukiusimu Diisiepa) Ha3bIBACTCS

dbyHKIMS BUA: o
r(n)=[t"e ™ dt (8)
0

rae N> 0 - mr000€e MOTOKUTEIILHOE YHCIIO.
Hanpuwmep, 1°(1)= _[toe“dt = Ie‘tdt =1.
0 0

Teopema 2. CrnpaBesIMBBI CIEYIOIINE PABEHCTBA!
1) I'(n+1)=nr'(n), mms vn>0;
2) I'(n+) =n,n=123...

Hoxazamenbcmso:

1) Nmeewm:

r(n+1)=[t'e"dt=
0

n=t" = dn=nt"dt

dv=e'dt=>v=—¢"
2) B cuity 10Ka3aHHOTO BBIIIE
I'n+D)=nl'(n)=n(n-)7'(n-)=n(n-D(n-2)7"(n-2)...=n(n-1)(n2)...27°(1) = n!
JlanHas TeopeMa mokasbiBaet, uto [ '-pyHkuus o6o61aeT noHsaTue paxkropuaia.

— _tne—t

w o0
+n|t" e 'dt = nI'(n).
. j (n)

y=1(n)

1 1 1 °n
o 1 2 3 4

Ynpaorxcnenue. Jlokazatb , uto [’ (%) =Jr.

X
Beeaem cienyromue o6o3nauenus: I'(X,n) = _[t”‘le‘tdt- HenonHas [ - GyHKIus,
0

"(x,n)
I'(n)

I(x,n) =

-OTHOIIEHUE HEMOAHON [/ - PyHKIMU K nOAHON [ - QyHKIMU.
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Onpeodenenue 10. Bbema - pynxyuen Iinepa ( B -pyHkuusi Jiiaepa) Ha3pIBaCTCSA
(GYHKITUS IBYX MMEPEMEHHBIX BUAA

B(u,v)= Jl't“‘l(l—t)v‘l(l—t)"‘ldt (9)
0

rae Bce u,v>0.
Teopema 3. (o cBsizu I - dynkuumii u B - pynkiuit). CipaBeJIUBHI CIIEIYIONINE
I"(u)I'(v)
I'(u+v)
2) B(u,v) = B(v,u).
Bbynem ynotpebnsaTh crneayronme 0003HaAUCHUS:

paBenctBa: 1) B(u,v) = s Vou,v>0,

B, (u,v) = Itx_l (1—t)""dt—nenonunas B - ¢pynkuus,
0

_B.(u,v)
X B(u,v)
Teopema 4 . CnpasennuBo cienytomiee papenctso |, (u,v)=1,  (v,u).

-OTHOIIIEHHUE HeTONHON B - pynkumu x nonuoit B - pyHKImu.

Pacnipenenenne ;(2 (xu — kBazpat win [Tupcona)

Onpedenenue 11. Ecmu u U,,U,,...,U, - HE3aBUCUMBIE C.B., KaK1as U3 KOTOPBIX

n

nmeer HopMmanbHOoe pacmpenenenne N(01) To pacmpemeneHme c.B. UL +UF +..4+ U7
HA3BIBACTCS y° PACTIPEICIICHHEM C N - CTEIICHSIMH CBOGOIBI.

1 > =
————Xx? -e 2, npu x>0,

2
0, npu x<0.

Vnpasicnenue. Jloxazate, 4uto QyHKmus P(X)ABISETCA IIOTHOCTHIO HEKOTOPOTO

n
Ilnomnocme >TOTO pacnpeieieHuss UMEET BHUI: p(x) =122 .r(nj

BEPOSITHOCTHOT'O PacIpeIe/ICHHS.
Xn
@yukyus pacnpeoenenus: F(X) =1 (E’E)

Mamemamuueckoe oncuoanue: M (X)=n. Jucnepcus: D(X)=2n.
Meouana: X, ~n—0,67.
Mooa: M, (X)=n-2 nmpu n>2, mpun=1 M, (X)=0.

12

8
Kosgppuyuenm acummempuu: S, = \/% . Koaghgpuyuenm sxcuecca: E, = e

-1
Hauanvnvie momenmur: M, :“ﬂ(n + 2K).
k=0

Ienmpanvuvie momenmeur: 1 =8n, 1, =12n(n+4).



Jexuusa 2 no mamemamuueckoiu cmamucmuke

Pacnpenenenne Crpronienra

Onpeodenenue 12, Ilycte Z - HOpMalbHO pacmpeleieHHas ciydaiiHas
BeirunHa N(0,1), a V — He3zaBucuMas or Z BEJIMYHMHA, KOTOpas paclpeeiicHa Mo 3aKOHY

2
y° ¢ n crenensmu cBoOoawl. Torga BenumumHa T=-—= wuMeeT pacnpeacicHue,
\ /N

HazbiBaeMoe pacmnpeaeneHueM CThIOJIEHTa C N CTENEHSIMHU CBOOO/IBI.
Ilnomnocms 310T0 pacupeneieHuss UMEeT BU:
n+1 n+l
re_-) 2\ 2
2 X
1+— (n - creneHb CBOOO/IBI).

p(x) = ——2—
Wr(z) 4

OyHKIUS pacTpeaesIeHUs] XOPOIIO HE BEIYUCISICTCS.
Mamemamuueckoe oxcudanue. MX =0 npun>1 .

Hucnepcua: DX = n npu n>2.
n

Meouana: X,5=0.
Kosgppuyuenm acummempuu: S, =0, npu n>3.

Kos¢ppuuuenm sxcuecca. Ex(X) =

6
, n>4.
4 npu

Hauanvnuvie u uenmpanvnuvie momenmot coBnagaior (T.k. MX =0), nosromy:
0, eciu S— HeuemHwlll NOPAOOK

Mg = s = 1-3-5...-(s -1
(n=2)(n-4)....n—75)

S

N2, ecnu S —uemmvlil NOPAOOK

Pacnpenenenne ®@umiepa — CHenexopa

Onpeodenenue 13. Ilyctb U u V — He3aBUCUMBIE ClydallHbIEe BEJIMYWHBI,

2
pacrpeielIcHHbIC TI0 3aKOHY ¥ CO CTEIMEHSIMHU CBOOOABI U M V COOTBETCTBEHHO. Torma

%_U 1%
VU

W —— UMEET paclpeielieHue, Ha3bIBaeMoe pacrpeaeneHueM dumiepa
1%

— CHezekopa co CTeTneHsIMH CBOOOIBI U U V.

BeauuMHa F =

IThomnocme 3TOTO pacrpeaeneHus AMeEeT BUI;
1 2 Y4 7%
—(EJ X2 (l+£xj ,npuXx >0
p(x) = B(“,Vj v v
2 2
0,ecru X <0
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I'pa¢guk morHocrei:

A

A 4

®ynxyus pacnpedenenusn: F(x) =1, ( %% ).
Mamemamuueckoe oxcuoanue. MX = > ceciuN > 2.
V —

Mooa: M,(X) :M, eciu U>2.

u(v+2)

2
Hucnepcus: D(X) = v tv 2) yeciu N >4,
u(v—-2)°(v-4)
Kosgppuyuenm acummempuu: S, (X) = 2utv-l) | 2(v-4) ,ecau NV >0
V-6 u(u+v-2)

12[(v —2)P(v=4)+u(5v-22)(u+v— 2)]
u(u+v-2)(v-6)(v-38)

Hauanvnole momenmol: m, = (%) i (3(3 ;) (2\3 (_u 43(6\,) :-él;i(is:gs))

ceciu N > 8

Koagppuyuenm sxcyecca: E, (X) =

ceciu N > 2S.

10
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Jlexmus 3
KoBapuanus n1ByX ciydaiiHbIX BenuurH. KoadpumueHT koppensiun

PaccMmoTpum ciyualinble BeTU4HHBI &1, &p . 3aMeTHM, 4To eciu &;=const, to &1, & —
He3aBucuMBbI. PaccmoTpuM ciyuait, korna &1, & — unaukatopsl: §1=la &=lp .

MoxHO cuHMTaTh, YTO €CIU COOBITUS, CBSA3aHHBIE C TPUHATHEM JAHHBIMU
CIIy4aliHBIMU BETUYMHAMU KAaKUX-TO 3HAYCHMIA, HE3aBUCUMBI, TO U CIIy4ailHbIC BETUUHHBI
OylyT HE3aBUCUMBIMH.

Beenem cnez[ylomne 0003HAYCHHUS:

(5

=4, 1, =1}=B { 1=0}=Z, {§2=0}=§,T0ma

Pl 211 (6. ) pam) 21, ()
P({& =1} {2, =0}) = P(4B)=P(4)- P(B),
P({e, =0} {2, =1))= P(4B)=P(4)- P(B),

&=
P({g =0}-{&, =0))=P(4 - B)=P(4)- P(B).

Ecnu Bce 3TO BBINOJHAETCA, TO CIIy4aiiHble BETMYUHBI &1 U & — HE3aBUCUMBI.

Jlerko nokasark, 4TO B CIIy4ae MHJMKATOPA HYKHO TPEOOBATh TOJILKO BBINIOJIHEHUE
pasenctsa P(AB)=P(A)- P(B), a ocTaibHble COOTHOIIIEHHS MOXHO BBIBECTH U3 HETO:

P(4-B)=P(4-(w—-B))=P(4dw— AB)= P(Aw)— P(4B)= P(4)- P(4)- P(B)
P(4)- P(B)= P(4)-(L- P(B))= P(4) - P(4B)= P(4)-(P(B) + P(B))- P(4B)= P(4)-
. P(B)+ P(4)- P(B)— P(4B)= P(4B)+ P(4B)- P(4B)= P(4B)

Onpedenenue 14. ]JlucKpeTHbIE Cly4ailHble BEMWYUHBI & W &  Ha3bIBAIOTCSA
He3a8UCUMbIMU, €CITU P({§1 = Xi}-{ , = yj})z P(& =x,)- P{ 2 =Y }, rae X1, X2, ...—

MHO>KECTBO 3HAYCHUI ClIy4allHOW BeIW4MHBI &1, @ V1, V2, ... — MHOXECTBO 3HAYCHUU
CITy4ailHOU BEJIMUYUHBI &p.

Onpeodenenue 15. Ecnu &, & — NpoW3BOJIbHBIE CIydyalHbIE BEJIMYUHBI, TO HUX
He3a8UCUMOCH b OTIPEIICISICTCS CIICAYIONIMM 00pa3oM:

P({‘:Cl <x}-{§2 <y})=P(§1 <x)-P(§2 <J’)’ Vx,y€R

MoxHO A0Ka3aTb, YTO IIPU BLIIIOJHCHHHU AAHHOI'O COOTHOIICHHA BBIIIOJIHACTCA H
ciaeayroaee COOTHOIUICHUC:!

P({§1 EBl}' {52 EBz}):P(é EBl)'P(é:z EBz)’
rae Bi, B — npou3BojibHBIE MOJIMHOXKECTBA R.
B Hamem onpenenenuu: B, = (— 0; X), B, = (— 00; y).

Onpeodenenue 16. Kosapuayueit ciyqaitHbIX BeTUYUH & U & HA3bIBACTCS YUCIIO

cov(&,5,)=M[(& - M&)- (& —M&)] (10)

11



JIemmﬂ 3 no mamemamuueckoii cmamucmuke

CBoiicTBa KOBapHaluu.

1. Ecu &1=&,, To cov(&,,&, )= D¢&,.

2. Ecnu cnydvaiiHble BETUMYMHBI &1 U & HE3aBUCHMBI, TO MX KOBapHalUs paBHa
mymo: cov(&,,&,)=0
Lokazamenvcmeo. Tak xak & u & He3aBUCHMBL, a M& 1 ME; MOCTOSIHHBI, TO
&—ME n E—ME, Toxke He3aBUCcHMBL. Toraa

cov(&,&,)=M(& —MéE)-M(&, - Mé&,)=(ME - M&)-M(&, - M&,)=0.

3. Cipasemmisa dopmyna: cov(E, &, )=M(&,&,)— ME, - ME,
Hoxazamenvcmao.

coM&, &) =M - & —EME, — EME + ME - ME |=M(&,&,) - ME, - ME, -
—M& - M&, + ME - ME, =M(&,&,) - ME& - M&,,

4. cov(&, &, )=cov(&,, &)

5. KoBapuanus TuHEHHa OTACIBHO MO KaXKJA0W CBOEH NEPEMEHHOM:
cov(ag, + B, &3)= acov(éy, &)+ Beov(S,, &)

(Ookazamenbcmeo camoCmosimenbHo).

Onpeodenenue 17. Ilyctb &1, &,.., § — HAOOP CIy4alHBIX BEJIWYUH, Y KOTOPBIX
CYWIECTBYIOT MONAPHBIE KOBAPHALWH, T.€. O ; = CO\/(§i < ), I, j=1,..,n. Marpuna

011 Oy -+ Oy
021 0-22 Rl O-2n

o= (11)
Oy Opy - Opp

Ha3bIBACTCS KOBAPUAUUOHHOU MAMpPuUYyell CIyIaiHbIX BenuauH &1, &y,.., &y

Teopema 5. Ilycth cnyuaiinblie BeMW4uHBI &1, &,.., & UMEIOT KOBapHAIIMOHHYIO
MaTpulIly o, a Ci, C2,...Cn— JIEUCTBUTEIIbHBIE YHCIIA, TOTAa

CO\{Zn: C.¢. Zn: cjgj]: D(Zn: ci;j = __iCiC,Ui,j

Jloxazamenvbcmao.

n

i=1
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Jexuus 3 no mamemamuueckoii cmamucmuke

ianlci(a—Ma)j-(ic,-(é,-—Mé,—)j} {Zc c;(&-M&)-(g,-M¢g))|=

j=1 ,j=1

= Y, M[E -ME ), -ME = Yecio

i,j= i j=1

Creocmsue. ‘COV(fl, 52)‘ = \/Dié‘l D&,

ﬂoxasameﬂbcmeo B ycnoBum Teopemsl 5 mosioxkuM, 94To N=2, C1=X, C;=1. NUmeem:

2
i, j—l

Tak kak D(x& + &, ) >0, To 1%t BCex AeHCTBUTENBHBIX X € R 0, ,X* + 20, ,X+ 0,, 20=
2 2 2
D(O'MX +20,,X+ 0'2’2)3 0= o0,,<0,,0,,= ‘0'1‘2‘ <011 /04, -

Onpeoenenue 17. Korghpuyuenmom koppenayuu ciydailHbIx BeTMuuH &1 u &
HA3bIBACTCS YUCIIO

Cor(gl :é:z \/&;&/(51\’/%% (12)
1 2

KoadduimenT koppensinuu CinyKuT AJis KOJTUIECTBEHHOTO U3YUYEeHHSI CTEIECHH
3aBUCUMOCTH CITy4aillHbIX BEJIMYUH &1 U & .

CaoiicTBa K03 duIleHTa KOPPEIAIIUU.

1. Ecnu ciydaitHbie BeTu4duHbl &1 v & HE3aBUCHUMBI, TO cor(§1,§2 ) =

2. ‘Cor(fl,fz) <1, mpuuem cor(&,,&,)=1 Torna u TONBKO TOr/A, KOTIa MEXIy
CIIy4allHBIMH BeIMYUHAMHU &1 U & CYIIECTBYET JUHEHHAs 3aBUCUMOCTb, T.€. JIMOO

&, =aé +b,mbo & =a&, +b.

ﬂOKas’ame/Zbcmeo. I[OK&)KCM TOJIBKO OJHY CTOPOHY OTOI'O YTBCPKACHHUA: CCJIIU
& =aé +b, 1o [cor(&,&, ) =1

D&, =D(a&,)+ Db =a’Dé;

cov(&, &, )=cov(&,a& +b)=acov(&, & )+ beov(é 1)=aDé

cor(8,4,) =120

JDE -a’pg,

3. U3 toro, uto cor(&,,&,)=0, BooGiue roBopsi, He CIeLyeT, UTo CIydailHbIe
BENTMYUHEL &1 M &, He3aBUCHMBL. (/Joxazamenbcmeo camocmosmensbHo)

13




Jexuus 3 no mamemamuueckoii cmamucmuke

Ilpumep 5. B ByX slIMKax HaxoJsATCs IO IIeCTh mapoB. B nepBoM smuke — 1 map
¢ HomepoM 1, 2 mapa ¢ HomepoMm 2, 3 mapa ¢ HOMEpoM 3; BO BTOPOM SIIUKE — 2 mmapa ¢
HoMepoM 1, 3 mapa ¢ Homepom 2, 1 map ¢ Homepom 3. Ilycte X — HOMED 11apa, BBIHYTOTO
U3 NEPBOro SUIMKa, Y — HOMEp LIapa, BBIHYTOrO U3 BTOPOTO sLIMKa. M3 Kaxaoro smmuka
BBIHYJH 110 11apy. Haiitu koadunnent koppensuu.

Pewenue.

[Tycte Y=1, TOraa no ycioBuro 3aJa4d MOJIy4aeM, 4To 3HaueHrue X=1 noBropsercs
3 pa3a, 3HaueHue X=2 nosropsercsa 4 paza, 3HaueHre X=3 NoBTOpsieTcs 6 pa3. 3HAYUT,
npu Y=1 nomayyaeM psij pacrpeaesieHus cly4aiHON BETUYHHbBI X:

X; 1 2 3

P R

Ecimu Y=2, to 3nauenue X=1 noBtopsiercs 3 pasa, 3HaueHHe X=2 moBTOpsieTcs 6 pas,

3HaueHne X=3 moBTopsercs 9 pa3. CrnemoBarenbHo, Npu Y=2 TMOJy4daeTcs psij

pacupeaeneHus CiIy4aiiHOM BEIMYUHBI X:
X.

, 1 2 3

P 6 | B | »

[Tpu Y=3 3nauenue X=1 moBropsiercsi 1 pa3, 3HaueHune X=2 — 2 pa3za, 3HaueHue X=3

noBTopsiercsa 3 pasza. [losromy mpu Y=3 mojydaeTcsi CIEAYIOIUA s pacrpeacieHus

CIy4allHOW BEJIUYMHBI X:

X 1 2 3

P R N,

Takum 00pa3oM, TpW pa3IUYHBIX 3HAYEHUAX Y TIONy4aeM OJMH M TOT K€ P

pacupeneneHus ciydyainHou BenuuuHbl X. Tak Kak psAx paclpelnesieHus Ciayd4anHou
BEJIMYMHBI X HE 3aBUCUT OT 3HAYEHUI CIIy4ailHOW BEIMYHHBI Y, TO CIy4YallHbIE BETUYUHBI

X u Y HezaBucumbl. Torjaa mo cBOMCTBY 1 K03 OUIIMEHT KOPPEISIIUU PAaBEH HYJIIO.

14



Jexuus 4 no mamemamuueckoii cmamucmuke

Jlexmus 4
O6paboTka pe3ybTaTOB U3MEPECHUS

Ilycte MBI mpousBoauMm  usMepeHue. Hanpumep, KOHTpoJaHMpyeM pasMepsl
IPOM3BOAMMON Ha 3aBOJE JETAIM WIM JAENaeéM OIpOoC OOILECTBEHHOr0 MHEHus. B
pe3yiapTaTe  IOJdydaeM  Habop 4Mcen X, X,,...,X,— 6blOOPKY  u3mepeHuii ¢

00bemom 6vl00OpKuU N.

Ecau moBTOpUTH 3T U3MEpPEHUsS] BHOBb M OCTaBUTh O0OBEM BBIOOPKH MPEXKHUM, TO
MOJIydUM HOBBIM Ha0op uucen. BBIOOpKHM TPOU3BOIMATCS MJIsI TOTO, YTOOBI TMOHSTH
cBOMcTBa 00BekTa uccienoBanus. O0 00OBEKTE HCCIETOBAHUS MOXKHO MBICIUTH KaK O
HEKOTOpOM chydaitHo BenuuuHe X . Takum oOpa3om, MPOU3BOJS H3MEPEHUS, MBI
[I0JlydaeM B pe3yJbTaTe 3HAYCHHE JTOM CIydalHOM BEJMYUHBL X, X,,...,X,. CHOBa

MMpOU3BCaA U3MCPCHUA, MBI I1IOJIYYUM HOBBIC 3HAYCHUA CﬂyqaﬁHOﬁ BCJIIMYUHBI: Xl’ X2 ,...,Xn .

CaMbIii ecTeCTBEHHBIH CIOCOO MPOBEICHUST U3MEPCHHMIA:

1) cauraTh, 4TO BCe U3MEPEHHSI POU3BEACHBI HE3aBUCUMO JIPYT OT JIPYTa;

2) ciemyer cuuTaTh, YTO B pE3yNbTaTe W3MEPEHHH MBI IOJIydaeM CIydaiHbIe
BEJIMYUHBI, UMEIOIIHE Ty K€ QYHKIIHIO paclipeie]ICH s, YTO U u3MepsiemMast Benmnanaa X .

Takum o00pazom, MBI TMOJNyd4aeM B pe3ylibTaTe H3MEpeHHd HaOOp CirydailHBIX
BeIMUUH Xy, Xp,.e, X

Onpedenenue 18. I'enepanbHoil c080KyRHOCMbIO HA3BIBACTCS COBOKYITHOCTH BCEX
NOJUICKAIINX HU3YYCHHUI0O OOBEKTOB WM BO3MOXHBIX PE3YJIhTaTOB BCEX MBICIHMBIX
HaOJIOICHHI, TPON3BOANMBIX B HEM3MEHHBIX YCIIOBHUSAX HAJl OTHUM OOBEKTOM.

O

Onpeodenenue 19. Bwibopkoii o0beMa N, U3MEPSIONIETO CIYYaHHYIO BEIHYHHY X ,
Ha3bIBAETCs HAOOp CiydyalHbIX BeTUYUH X, X,,...,X,, YIOBICTBOPSIONINX CIECAYIOUTUM

YCIIOBUSIM:
1) cyuaiiusie BenmuuuHbl Xq, X,,..., X, HE3aBUCUMBbI B COBOKYITHOCTH;

2) P(X, <x)=P(X <x), ¥xeR, Vk=12,...,n.
O

OTO paBEeHCTBO O3HA4yaeT COBHaJCHHE (YHKIUN pacrpenenaeHust CilydyaiHbIX
BemuunH X, 1 X.

[Ipu cocraBieHnn BBIOOPKH TIOCJIE€ TOTO, KaK OOBEKT OTOOpaH W HaJ HUM
MPOU3BEACHO HAOJIOJEHUE, OH MOXET OBITh BO3BPAIEH B T€HEPAIbHYI0 COBOKYITHOCTH
WJIM HE BO3BpAIlCH. B CBS3M ¢ ATUM Pa3IHyarOT MOBTOPHBIC U OECIIOBTOPHBIE BHIOOPKH.

Onpeoenenue 20. Iloémopnoii Ha3bIBaeTCS BHIOOPKA, MPU KOTOPOW OTOOPAHHBIN
00BEKT BO3BPAIAETCS B TEHEPATHHYI0 COBOKYITHOCTH TIEpe]] M3BICYCHUEM CIICTYIOIIETO
00BEKTA.

m
Onpedenenue 21. Becnoemopnoil Ha3bIBaeTCs BEIOOPKA, IPU KOTOPOH OTOOPAHHBIN
O0OBEKT HE BO3BPAIIACTCS B FT€HEPATIbHYIO COBOKYITHOCTD.

O
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Onpeodenenue 22. Peanuszayueii 6b100pKu HaA3bIBAIOT KOHKPETHbIE 3HAYECHUS
X1y X5,..., X, BBIOOPKH, MOJYYEHHBIE B pE3ybTaTe HAOIIOACHUN (MCIIBITAHUM ).

Jexuus 4 no mamemamuueckoii cmamucmuke

JUis ToNMy4YeHUs] XOpOIIMX OIICHOK XapaKTePUCTHK TE€HEPaTbHOW COBOKYITHOCTH
HE00X0UMO, 4TOOBI BBIOOpKAa OblIa penpezeHmamueHoll, TO €CTh Hauboyiee MOJHO
NpeJCTaBIsIa M3ydaeMble TMPU3HAKH TEHEpaTbHOW COBOKYMHOCTH. COIJIacHO 3aKOHY
OONBIINX YHCET YCIOBHEM OOECHEYCHUs pPEeNpe3eHTATUBHOCTH BBIOOPKH SIBISETCS
COOJIIOJIEHNE CIIy4allHOCTH 0TOOpa, TO €CTh BCE OOBEKThl T'€HEPaJbHOM COBOKYIHOCTH
JOJHKHBI IMETh PaBHBIC BEPOSTHOCTHU MOTACTh B BEIOOPKY.

Ilpumep 6. JIBagmath CTYIEHTOB TNPOXOAAT TECTUPOBAHUE IO MaTeMaTHKE.
Kaxnpiii u3 Hux moxxketr Hadpath or 0 mo 5 GamioB. Ilycts X, — KoiaudecTBO Oasuios,

nonyuyeHHoe K- bim crymentom, K =1,20. Toraa 3nauenus 0,1,2,3,4,5 — Bce BO3MOXHbBIE

Kolm4yecTBa OamoB, HaOpaHHBIE OJIHUM CTYACHTOM — 0O0pa3yloT TeHepaIbHYIO
COBOKYITHOCTh. Pe3ynbrar TecTHpOoBaHWS  ABAAIATH CTYJICHTOB SBJISCTCS BBIOOPKOMH
X1y Xyyeery Xy . Peamuzanmsmu BEIOOpKH MOTYT OBITH cienyromue Habopsl yucen: {0, 1,
53,4,2,3,1,4,4,3,55,2,1,0,1,1,2,4uwm {3,1,1,0,4,5,3,5,4,5,3,2,5,1, 1, 4,
2,3,5, 0}
m
Pacripenenenne BeIOOpKH. DMIupudeckas GyHKINS pacipeaeiieHus

[IpenmnonoxxumM, 4To Mbl U3y4aeM HEKOTOPYIO CIydalHYIO BEIUYMHY X U C ITOU
[EJNbI0 TMPOU3BOAMM psii He3aBUCUMBbIX HaOmoaeHuil. Ilycts X mpunsiza N, pas

3HaueHWe, paBHOEe X;, N, pa3 — 3HaYeHue X,, ..., N, pa3 — 3HaYEHUe X,, NPH ITOM
n +n, +...4+4N, =N, rae N — o0bEM BBIOOPKHU.
Onpeodenenue 23. Bapuanmamu ciydaiiHON BenMuuHBI X HAa3bIBAIOTCS 3HAYEHHS

Xy -
O
Onpedenenue 24. Yacmomamu Ha3bIBAIOTCS 4ucia N,, KOTOPbIE MOKA3bIBAIOT,

CKOJIBKO pa3 BCTPEUAIOTCS 3HAYCHHS X, B psijie HAOTIOECHUH.
O
Onpeoenernue 25. OmuocumenbHbiMu Yacmomamu Ha3BIBAIOTCS OTHOIIEHHE
9acToT N, K 00beMy BEIOOPKHU N

Pe="—" (13)

O
Onpedenenue 26. Pacnpedenenuem 6bvl00pKU UAU BAPUAUUOHHBIM PAOOM
Ha3bIBACTCS  PAHXUPOBAHHBIM  (YHNOPSIAOYEHHBIM) TEpeYeHb BapHaHTOB X, H

COOTBETCTBYIOIIMX UM 4YacToT N, . BapuannOHHBINA psii HA3BIBACTCS OUCKPEMHBIM, €CIU

TO0BIE €T0 BapUaHTHI OTIWYAIOTCA HA TMOCTOSHHYIO BEJIWYUHY, U UHMEPBAIbHbIM, SCITU
BAPHUAHTHI MOTYT OTJIMYATHCS OJIMH OT APYrOTrO HAa CKOJIb YTOJHO MalylO BEIUUYUHY.

O

JIns TOCTpOEHHsI MHTEPBAJIBHOIO psAlla HEOOXOJUMO ONPEACNIUTh BEIUYUHY

YaCTUYHBIX HMHTEPBAJIOB, Ha KOTOpbIe pa30uBaeTcsi BeChb MHTEPBAl BapbUPOBAHUS
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HaOJI0TaeMbIX 3HAYCHUH Cily4aiiHOW BenmuuumHbl X . J[MMHY YacTHuHOrOo WHTepBaia h
HY>)KHO BBIOpaTh TakKUM 00pa3oM, YTOOBI MOCTPOEHHBIN pAJl, C OAHOW CTOPOHBI, HE OBLI
I'POMO3JKHUM, a C APYTOM CTOPOHBI, TO3BOJISII BbISIBUTh XapaKTEPHbIE YEPThl H3MEHEHHUSI

Jexuus 4 no mamemamuueckoii cmamucmuke

nzydyaemoil ciydaitHoi BenuuuHbl X . [lo ghopmyne Cmeporceca ontumanbHOE YUCIIO
MHTEPBAJIOB ONpenensercs no Gopmyse

m=1+3322-Ign (14)
a JUIMHA MHTEpBaga —
h= Xmax_— Xmin (15)
m
rac Xmax - Xmin — PAa3HOCTb MCKIY HAuOOJBIINM ¥ HAaWMEHBIITUM Ha6JIIOI[aeMBIMI/I

3HAYCHUSIMHU, MPU ATOM 32 HA4aJIo IEPBOTO MHTEpBaIa MPUHUMACTCS
Xuaw = Xmin — 0,5 h

Ilpumep 7. B pesynpraTe Tpex sk3ameHOB rpynna u3 30 Hayqady BBIOpaHHBIX
abuTypUEeHTOB HaOpayia cieaymwolnyr cymmy 6amios: 157, 175, 170, 166, 159, 173, 182,
167, 171, 169, 172, 164, 173, 175, 171, 158, 179, 156, 165, 179, 155, 178, 160, 154, 183,
153, 155, 167, 186, 163. ITocTpouTh UHTEPBAJIBLHBIN Psi.

Pewenue. CrHauana ynopsio4um MoTydeHHbIE JaHHbBIE 110 BO3PACTAHUIO!
153, 154, 155, 155, 156, 157, 158, 159, 160, 163, 164, 165, 166, 167, 167, 169, 170, 171,
171,172,173, 173, 175, 175, 178, 179, 179, 182, 183, 186.
SIcHO, 4TO X, =153, X =186.
Haiinem 4ucio 4acTUYHBIX MHTEPBAJIOB M JUIMHY HMHTepBaja 1o Qopmyne Crepaxeca:
m=1+3322-1g30~591, h=10 13 33
591 591
X, =153 —-0,5-6=150. Pa3oObem Bech psin Ha 6 mHTepBaios: [150, 156), [156, 162),

[162, 168), [168, 174), [174, 180), [180, 186). Ilomcuuraem YHKCIO AOUTYPHCHTOB,
MOIABIINX B K&K U3 TOJYUYCHHBIX HHTEPBAJIOB, U MOJyYHUM HHTEPBAIBHBIA PSI:

~559. Bossmem h=6, Torma

gﬁfféi [150, 156) | [156, 162) | [162, 168) | [168, 174) | [174, 180) | [180, 186)

YacTtoTa 4 5 6 7 5 3

r?;;r%f 50 %0 %0 JZ% %0 %0
O

Onpedenenue 217. Imnupuueckou Qynkyueit pacnpeodeieHus Ha3bIBACTCA

GyHKIIUS Fn(x), ompenensonas Il KaXJa0ro 3HA4YeHHS X OTHOCHUTCIBHYIO YacTOTY

coObITHsST X < X - A

I:n (X): Pn (X < X) (16)

O

O6o3HaunM depe3 N, YWCIO HAOMIONEHWH, MEHBIIMX X, TOTJa 3HAYCHUS
SMITMPUYECKON (QYHKIIMH pacrpeielIeHUs MOKHO HaXOUTh 1o (hopMmyIie:

Fy(x) =" (17)
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A

B ommuue ot smnupudeckol (QyHknuu pacnpenenenus F, (X) GyHKIHIO
pacnpeneneHus F(X) IeHEPabHOM  COBOKYIHOCTH  HAa3bIBAIOT  Meopemuueckou
¢ynxyueit pacnpedenenus. ' naBHOE pazinyne MEXIY SMIUPUUECKON U TEOPETUUECKON

Jexuus 4 no mamemamuueckoii cmamucmuke

(YyHKUMSAMH pacupeneseHuss COCTOMT B TOM, 4YTO TEOpeTHYecKas (QyHKUHUA F(x)

OnpefeNnsieT BEPOATHOCTh coObITUs X <X, a osMmnupudeckas QyHkous F, (X) —
OTHOCHUTEJIBHYIO YaCTOTY 3TOT0 COOBITHS.

[Tonuron u rucrorpamMmma

HaGmionaemble naHHbIE, NMpEJCTaBICHHbIE B BHUJE BapUALlMOHHOTO Psiia, MOXKHO
U300pa3uTh Tpa@UUYECKd C MOMOIIBIO TMOJUTOHA M THUCTOrPaMMBbl. IJTO TO3BOJIIET
NOJIYYUTh HATJISHOE MPEICTaBICHUE O 3aKOHOMEPHOCTH BapbUpPOBaHMs HAOJIOIaeMbIX
3HAUEHUH CIy4yalHOUN BEIHMYUHBI X .

Onpedenenue 28. Ilonuzonom uwacmom HaA3bIBACTCS JOMaHas, OTPE3KU KOTOPOM
COCUHSIOT TOYKH C KOOpJAWHATAMHU (Xl,nl), (xz,n2), ey (Xk,nk); HONU2OHOM

omnocumensuvix yacmom — ¢ xoopmuaatamu (X, ), (X, 0,), ..., (X, Py ).

O

Onpedenenue 29. Tucmozpammoii uacmom (OMHOCUMETbHLIX YACHIOM)
Ha3bIBa€TCsl CTymeHYaTas ¢urypa, coCTosIIas U3 MPSIMOYTOJIbHUKOB, OCHOBAHUSMHU
KOTOPBIX SIBJISIOTCSI YaCTHUYHBIC HMHTEPBajbl JJIMHOW N, a BBICOTHI PaBHBI YacTOTaM
(OTHOCHUTENIBHBIM YaCTOTaM) COOTBETCTBYIOITUX HHTEPBAJIOB.

O
Ilpumep 8. Jlnd oueHWBAHUA 3HAHUW CTYACHTOB-TIEPBOKYPCHUKOB IpOBEJCHA
KOHTpOJIbHAs paboTa IO BBHICHIEH MareMmaThke. Pe3ynbTaTbl KOHTPOJS B BBIOpPAHHOMU
rpynmne u3 25 CTyACHTOB OKa3aJHCh CIEAYIONIMMU: 3 CTyACHTa BBIMOJHWIM padoTy Ha
«5», 10 cryaeHtoB — Ha «4», 9 cTtyneHToB — Ha «3» U 3 cTyneHTa — Ha «2». [loctpouts
MOJIUTOH YacToOT.
Pewenue. TlpenctaBuM HCXOAHBIE JaHHBIE B BUAEC JUCKPETHOTO BapUALMOHHOTO

x| 2 | 3] 4] s

N, 3 9 10 3
[TocTporM NOJIMTOH YACTOT:

psana:

12
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Jexuusa 5 no mamemamuueckoii cmamucmuke

Jlexmus 5
TodeuHble OIIEHKHU MTapaMETPOB PACIIPEICIICHUSA

Bynem cuutath, yTo HM3Mepsemasi ciydaiiHas BeluuumHa X HMMEET HEU3BECTHHIE
napaMeTphl, KOTOpbIe HaM HY>KHO OLICHUTh. Hampumep, Mbl MOXEM 3HATh, YTO ClIydaiHas
BenuuMHa X MMeeT HopMaibHoe pacnpefenenue N(a,o”), HO mapameTpsl @ U ¢ HaM
HEU3BECTHBI.

Jl71s1 TOro 4TOOBl MHTYUTUBHO MOHATH CMBICH JadbHEUIINX BBIYUCICHUHN, BEPHEMCS
K UICXOJIHOMY Ha0opy 4ucel X, X,,...,X,. BBUIY IPEINONI0KEHUN O TOM, KaK MPOBOJSATCS
HaIllM U3MEPEHUsl, MOXKEM CIENaTh BBIBOJ, YTO YUCHA X;,X,,...,X, MOSBISIOTCA paBHOBE-
positHO. TakuM 00pa3oM, MOKHO 3amKcaTh CIEAYIOIIMI 3aKOH paclpeeIeHUs:

In | /n|. | /n

Onpeodenernue 30. Buvioopounvim cpeonum X (cpemHuM apuPMETHICCKHM)
HaOJIOaeMbIX 3HAUEHUM CIydyailHON BeNMWYMHBI X Ha3bIBAETCS YHMCIO, OIpPEIessieMoe
dbopmyoii:

- XX+ +X 1
X == =22 % (18)
n Nya

Ecnun HaOmiofaemble JaHHbIE MpPEACTABIEHbl B BUJE JUCKPETHOTO psja, TIe
XyyXp,.., X, - BapuaHThl 3HAYeHUW ciay4yailHOM BenmuuuHel X, a  Ng,N,,..., N -
COOTBETCTBYIOILIIE UM YACTOTHI, TO BHIOOPOYHOE CpeJIHEE BBIUUCIIAETCS IO (popmyrie

— X N +X,-N,+...+ X, -N 1 N R
X = 1 ' 2 2 n k :_Zxk . nk :zxk . pk (19)
n Nz k=1

Onpeoenenue 31. Boioopounoii oucnepcueir DX 3HaueHM crydaiiHONW BETUYHHBI
X Ha3plBaeTcs cCpenHee apuMeTHUecKoe KBAJAPAaTOB OTKIOHEHUH HAOII0JaeMbIX

3HAYCHHUH 3TOM BEIUYMHBI OT UX BEIOOPOYHOTO CPEIHETO:
n

A 1 o \2
DX == (x, - X) (20)
Nk

AHAJOrMYHO IS JUCKPETHOIO BapHAIlMOHHOTO psaa BBIOOPOYHAS JUCIICPCHS
onpenensercs GopMyJIOi:

BX =3 (x ~ X on, = (5, - XF - b, (21)

Ny k=1
WMHTyHIUsS HaM NOACKA3bIBAET, UTO YMCIa X U DX 10JKHBI GBITH IPUOIIKCHUSIMH
MAaTeMaTHYECKOTO OXKUJAHUS M JTUCICPCUU CIydalHOW BeauduHbl X . OKa3pIBaeTCs, YTO
nepBasi hopMysa — 3TO XOpoIlee MPUOINKEHNE MAaTEMAaTHIECKOTO OKHUIAHUS CITydaiHOU
BEIMYMHBI X , a BTOpas ¢opMmyida — HE OYEHb XOpollee IPUOIIKCHHE IUCICPCUU
cinyyaiiHoi BenmnuuHbl X . [I03TOMY BBOIUTCS CIIENYIOIMIAS UCHPAGIEHHASA OUCHEPCUS .
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A n - 1 & _
2= DX=—(x - X) (22)
n-1 n-1.5

Jexuus 5 no mamemamuueckoii cmamucmuke

JlanHOo€e BbIpakeHHe OyJeT AaBaTh XOpollee NMPUOIMKEHUE TUCIEPCUH CIIydalHOU
BEJIMYUHBI X .

Onpedenenue 32. BBIOOPOYHBIM  CPEIHUM  KBaJIPAaTUYECKUM  OTKJIOHEHUEM
G, Ha3bIBaeTCs apu(PMETHUECKUN KBaIPATHBIN KOPEHb U3 BEIOOPOYHOMN THUCTICPCHH:

6, =DX (23)

Onpedenenue 33. IlycTb 3aKOH pacnpeiesieHusl CIIy4alHON BEIMUUHBI X COICPIKUT
HEU3BECTHBIM mapameTp 6. Ouenkoii mapameTpa 6 Ha3bIBaeTCsS HEKOTopas (QyHKIUS

én zén(Xl,Xz,...,Xn) OT CIIy4alHBIX BeIUUUH X, X, ,..., X .

Onpedenenue 34. Ouenka 6. HazbIBaeTCs HecmeujeHHou, eciu MO, =6

Onpeodenenue 35. OneHKa 6, Ha3bIBACTCA COCHOAMENbHOUW, €CIAU JJi1 BCSKOIO

£>0 lim PQén —9‘<g)§1.

n—o0

B Teopuu BEposSTHOCTH B 3TOM CIIy4ae TOBOPST, yTo &, — 6 (10 BEpOATHOCTH).

Onpeoenenue 36. Ouenka 6. Ha3bIBaeTCs Ihhekmuenoi, ecnu A 000U APyrou

! A 4
OLIEHKU 6, mapamerpa 6 BblloJHsAeTCs cooTHomenne DO, < DG, .

HecMmenieHHOCTh OIIEHKM O3HayaeT, 4To NpUOOp, KOTOPHIM MBI MPOU3BOAMIN
U3MepeHus, MO0 crocod M3MEpEeHUs: He COAEPKUT CUCTEMHOM omuOku. B cpegHemM mbl
nojiydaeM u3Mmepsiembiid mapameTp 6. CocTosSTENbHOCTh OMUOKH TOBOPUT O TOM, YTO MPHU
YBEJIMUECHUN YHUCIIAa U3MEPECHHI Hallla OIleHKa MPHUOINKACTCS K U3MEPIEMOMY HapaMeTpy
0. A »bdexTUBHOCTH O3HAYaAET, 4YTO JaHHAs OIEHKAa HMMeeT HaWMEHBIIUN pa3zdopoc
3HAYEHUM.

Teopema 6. Ilycth cnydaiiHas BeaudmHa X 00Ja7aeT KOHEYHOM JUCIICPCHCH:

n
DX =¢? <. Ouenka X n= —Z X SBJISIETCS HECMEIIEHHON U COCTOATENbHOM OLIEHKOMH
k=L
napameTpa a=MX.
Hokaszamenbcmeo. Tax Kak ciiydailHas BenudynHa Xx UMEET Ty XK€ (QYHKIHUIO

pacIpeneNneH s, 9To U clydaiinas Beananaa X , o MX, =MX =a, DX, =DX =o”.

" o 1 1
B cuny nuHeliHocTH MaTteMatudeckoro oxuganus MX =-— Z MX, =—-na=a.
ne n

HecMenieHHOCTh OLIEHKHU JTI0Ka3aHa.
Jlokaxxem Tenepb COCTOATENbHOCTh JAHHOM OLICHKHU. Tak Kak Ciy4alHbIE€ BETUYHHBI
X{,.., X, HE3aBUCUMBI, TO TIO CBOWCTBY AUCTICPCUU UMEEM:

1 o?

n
DX, =D 1Zxk = ZZkaziz-nazz—.
n n

N n" k=2
Hcnonw3ys BTopoe HepaBeHCTBO UeObleBa, MOIyynuM:
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P(X, —a|>&)=P(X, - MX,|>¢)< D;S” :Z—jnlwo

Ouesmzro, ato {X, —a|>¢}= {Xn —a <g}.

n

Jexuus 5 no mamemamuueckou cmamucmuke

0= lim P[{J —a\<g}J—Ilm[1 P(X, —a\<g)]=1—|im P(X, -d<e)=

n—oo n—oo nN—0
lim P(X, —a <¢)=1.

nN—o0

HOCHCIIHCC PaBC€HCTBO U AOKA3LIBACT COCTOATCIBbHOCTL OLICHKH.

O
Teopema 1. CHpaBeIIJII/IBBI CIICAYIOIINE YTBEPIKICHHUS:

A — 2 o
1) Ouenka S’ = (Xk X) napamerpa o> =DX sBseTcs HECMEIICHHOI

n-15
OLICHKOM.
2) Ecin cymecTByeT MateMaTHueckoe oxunanne or MX* < oo, To manHas orenka
COCTOSITEJIbHA.
Hokazamenvcmeso. 1) ChopmynupyeM U JTOKaKEM BCIIOMOTATEIBHYIO JIEMMY.
0 2
- 23 -Y).

k=1

Jlemma 1. Tlycts Y, = X, —C, rae C=const, k :H. Torna SAr?

A

[Hoxazamenvcmeo. B Beipaxenuu S’ moxcrasum Y, +C Bmecto X,. Hmeem:
o 1L 1L 1L —
X=X =Y +C==> (Y, +C)=Y, +C-=>Y, —-=>C=Y,-Y. 0
N n Ny
[IpomomkuM poka3aTenbcTBO MepBoil yactu Teopembl. [lomoxum C=a=MX,.

Torma MY, =M(X, —a)=MX, —a=a-a=0, MYkZ:DYk:Dszaz. Ipeo6pasyem
2

. 1 1 & o 1 Q
S? = Y, -Y) =—S(Y2 -2V, Y +Y )=—YY2 - Y, —m(2
"on- 1k1( d n—1kzzl(k ‘ )n—lék kz
1 & n o2
——= 3vy2_ Y2
n—lkzzik n-1
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MSZ =—> MY’ —-——MY?= ~ " MY2. Bommcan MY 2
n-1.5 n-— n-1 n-1
1o, ) 1 (e, ) 1 1
MYZ:ML—ZYKJ _—M(ZYKJ =M Z\(,YJ =M ZYk +Z\(,YJ
N> n k=1 n i,j=1 i,j=1
n n n 2
:%M(ZYk2j+i2M ZYin :izna2 +i2 Z:M(Yin):O-—(-BYI,Yz,...,Yn — He3a8UCUMDL
n k=1 n i,j=1 n n i, j= n
i#] i#]
n (72
n

2 2 2
M$2="9 9 =% (n-1)=
n-1 n-1 n-1

Htak, HeCMemEHHOCTh JAHHOM OICHKM JIOKa3aHa.

Jexuua 5 no mamemamuueckoiu cmamucmuxe

2) [Ins noka3aTenbCcTBa COCTOSITENHHOCTU CHOPMYITUPYEM CIEAYIONIYIO IEMMY.

4 C
Jemma 2. Ecmu MX* <o, To cymectByer Takoe umcio ¢ >0, uto DS? <
n
IIpumeHuM BTOpOe HepaBeHCTBO UebblleBa:
A DS? ¢
PQSf—GZ‘Zg):PQSZ MSZ‘>6‘) ,-=———>0, mpu n—co.
& g’n

I[eﬁCTBy}I JaJIcC aHaJIOTM4YHO, KaK MW IIPH AJO0Ka3aTCIbCTBC TCOPCMBI 6, ImoJydacm

COCTOATCIIbBHOCTD I[ElHHOﬁ OOCHKH JUCIICPCHUHN.
d

Ilpumep 9. HaliTh HECMENIEHHYIO OIICHKY JUCIEPCUU CIyYailHOW BETMUMHBI X Ha
OCHOBAaHUHU JJAHHOTO PACTIPEICICHHS BBIOOPKHU:

X; 2 7 9 10
n; 8 | 14 | 10 | 18

Pewenue.

HaxoanM BEIOOPOYHYIO CpEIHIOD X = 28+ 714 ;3 10+10-18 7,68.

J1ist BBIYUCIICHHS BBIOOPOYHOM TUCTIEPCUU BOCTIONB3yeMCs (hOPMYIIOA: DX = X? - ()? )2.
4.8+49-14+81-10+100-18

X? = % - 66,56, DX =66,56—(7,68)° =7,58. Haxomum
HeCMemeHHy}o OIICHKY JHCIEepPCUM («HUCIPaBICHHYIO» BBIOOPOYHYIO JHUCIIEPCHIO):
§2- " px -2 .768-773.
n-1 49
O

IIpumep 10. Monety moaopacsiBaloT N pa3. BeposTHOCTH BhIMazeHUs TepOa mpu
KaXJI0oM nojaOpachiBaHMM paBHa pP. B xonxe ombiTa MOHeTa BbImana repboM N; pas.
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A~ N
[Toka3aTh HECMEIEHHOCTh OLEHKH € =-1 BepoATHOCTH @ = | BhINaJcHUA repba B
n

KaQ)KJIOM OIIBITE.
Pewenue. Yucno ycrexos N, uMeeT OMHOMHAIIBHOE PacIpe/esICHuE.

Torza M(n;)=n-p, D(n,)=npg =np(L- p).

CnenoBarensHo, MO =M (ﬁ) 1 M(n,)= 1 n-p=p=6, 4To JI0Ka3bIBaCT
n n n

~ N
HECMEIIEHHOCTD OIIEHKH 6 = —* |

n
O

Ynpaowcnenue. ViccnenoBaTh Ha HECMEIIEHHOCTh U COCTOSITEIILHOCTD CICAYOIIyro

/\2 1 2
oueHKH  gucmepcuu:  S.=——» (x, —a), a-  TEOpEeTHUYECKOE  3HAYCHHE

MAaTCMaTHYCCKOI'O O KHMIaHU.
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Jexuus 6 no mamemamuueckoii cmamucmuKe

Jlekmusga 6

MGTOI[BI HaXO0XICHHUA TOUYCUHBIX OIICHOK.

Metoa HanboJIbIIIET0 MPaBIOTO100uS

Ilycth F(H, X)= P(Xk < X) — (QyHKUMSA pacnpeneneHus ClIy4ailHOW BEJIMYUHBI,
uMeromeii otHocTh P(6, X).

Torma  dyHKiuA L=L(X;,X;,.... X,,,0)=Py (0)- Py, (0)-...- P, (6)
aBigercs GyHKuuen Toiabko mapamerpa 6. [lo meToay HamOobLIero npapaonoaoous 3a
OLICHKY TMapameTpa € NpUHUMAIOT 3HAYEHHUE aprymeHta 6= Q(Xl, X2,...,Xn), npu
KOoTOpoM (QyHKIUS L MMeeT MakcuManbHOE 3HAYEHME, T.€. BBIOMPAIOT Takoe 3HadeHue 0,
IpU KOTOPOM BEPOSITHOCTH MOJYyYEHHUsI BBIOOPKH UIMEHHO 3TUX 3HAYEHUN HAauOOJbIIas.

nL

dl
PaccMmoTpum ypaBHEHHE 0 =

PelienureM 5T0Oro ypaBHeHHs Oy/1eM Ha3bIBaTh TOJIBKO KOPHH, 3aBUCSLINE OT BHIOOPKH

o > Q(Xl, X,,..., X, ), a camo pelenue Oy ieM Ha3bIBaTh ONEHKOH HAMGOJIbIIET0
NpaBaoNoa00Usl.

Eciu Hy»HO TIOJyYMTh HECKOJBKO OLEHOK 6,,0,,...,0,, TO HY)XHO PEIMTH CIETYIONIYIO
CUCTEMY YPABHEHUI:

dinL 0
dé,
dInL:0
dés

Llpumep 11.
PaccmoTpum citydaiinbie BeTMYUHBI, pacpeIeICHHbIC 10 HOPMaJIbHOMY 3aKOHY:

X.k=Ln a=MX, b=DX,
[TonyyuM UX OLEHKY:

L=L(Xl,Xz,...,xn,a,b):(_zlﬂbj eZ[ =)
n 1 & )
InL_—Eﬂn2ﬁ+hﬂﬂ—56§xXk_a)

k=1

dinL —n 9
X, — _
( =) T 2b22( )

( ) 0, —nb+i(xk—>?)2:o,
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Jexuus 6 no mamemamuueckoii cmamucmuKe

bx e belE XF. asx

Ilpumep 12. Haiitu oueHky HamOOJbLIEro MNPaBAONOAO0US IJIsi BEPOSATHOCTH
ycnexa B cxeme bepaymnun X,,..., X, 1 X, =0 wm 1.

CoctaBuM (hYHKITUIO MPABAONIOI00US

( n
X
Hpnk, eciu X, =1,
k=1

Hpg(k -(1- p)l'x", eciu X, =0.
k=L

ZXk—np:O:f):)? WITH yn=ixk,p=—.

k=1 k=1 n

MGTO,II HAaUMCHBIINUX KBAAPATOB

Paccmorpum  cnenyromyro  3amady.  IlycTte  cymecTtByeT  cienyromas
(byHKIIMOHANIbHASI 3aBUCUMOCTD Y= (p(X), KOTOpasi HaM Heu3BecTHa. JlomycTuM, 4TO Ham

TOYHO M3BECTHBI HEKOTOpbIe aprymMeHThl X, X,,...,X, HU TpUOIMKEHHBbIC 3HAUCHUSA
3aJlaHHON  (YHKIMM JaHHBIX apryMeHToB: Y,,Y,,...Y,. CuHWraerca, 4YTOo OTH

npUOIMKEHHBIC 3HaYCHUSI (PYHKIIMU MOJYYEHBI B Pe3yJdbTaTe MOJCIUPOBAHUS 3HAYCHUUN
(GYHKIIMKM C WCIIOJIb30BAaHUEM JaT4YMKa CIy4alHBIX 4Yucell. VCcrmoib3yeM eCTeCTBEHHYIO
CBSI3b MPUOIMKEHHBIX 3HAYCHUH U TOYHBIX 3HAYCHUIA:

Ve =0(X, )+,
T7ie O, - OIMMNOKa N3MEPECHHUIA.
EctecTBenHo cuurarp, 4T0 O,,0,,...,0, — COBOKYMTHOCTh HE3aBUCHUMBIX CIY9alHBIX
BEJIMYHH, YAOBICTBOPSIONMUX ycaoBuio: M (ak ) =0,mpu V k=12,...,n.
bynem mnpeamnonarath, 4TO D(O'k ) =o?, k=12,....n. Eciu HET AOMOJHHUTEIbHBIX
CBEJICHHH OT (DYHKITUH, TO HY)KHO IMTOCTPOUTH CIACAYIONTUH IpaduK:
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Jexuus 6 no mamemamuueckoii cCmamucmuKe

Yn

»(x2)

»(x)

2 3

v

N
Y1
OpHako mosiydeHHasi KpUBas IUIOXO MPUOMKAET TpaduK HEU3BECTHON (GyHKUIUU

y=¢(X). TlosToMy wyamie BCEro IpH pPelICHHH 3a1adyd OTHICKAHHA Tpaduka (yHKIHH
y=¢(X) cuMTaroTCs M3BECTHHIMH HEKOTOpBIE CBOMCTBA (DYHKIMH (HAIPHUMEp: CBOICTBO
INAJKOCTH, WIM TO, 4YTO (PyHKUHUS sBIsSETCS MHOrowieHoM). B stom ciydae s

onpeneneHuss (QyHKIUA Y= go(X) U TPUMEHSETCS Memoo HAUMEHbUIUX K8aopamoe,
3aKIIIOYaroNIMiics B cienyromeM. Hapucyem Ha naHHOM rpaduke UCTUHHYIO QYHKIUIO:

Q= (5, X, )F + (s, ~ 0(X, ) v+ 3, 0K, ) 11y, — 0(X, ) =
(yk - Cp(xk))z-

CreneHb ONM30CTH TPUOIMKEHHBIX 3HAUYCHWM M TOYHBIX 3HAUYCHMH (QYHKIUH OyIeT
HamOombIel, korna ¢yHkiusa Q TpPUHUMAeT HaUMEHbBIINE 3HAYCHHUA. TakuM 00pazoM,
MBI JIOJDKHBI PEIIUTh 3a7ady HaXOXXJIEHWs HauMeHblero 3HaueHus (ynkmuum Q. B
pe3yNbTaTe PEIICHHs STOW 3a/a4d MBI MOJIyYUM OIEHKU MapaMeTpOB, XapaKTePU3YIOIIHNX
byHKIIUIO Y= go(X). [Ipy HEKOTOpPHIX YCIOBHSIX Ha (PYHKIUIO ¢ O3TH OICHKUA OydyT
COCTOSITEITHHBI.

Cnayuai 1. 1Tycth u3BeCTHO, 4TO (QYHKIUSA Y= go(X):AX + B ¢ nHemsBectHeiMu A u B.

n
k=1

[Tonmp3ysich METOAOM HaWMEHBIIUX KBajpaToB, HaWmém omeHku A u B stéx
ko3 punmerTor. CoctaBuM 11 3TOr0 GyHKIHo Q.

n

Q(A,B):Z:(yk ~ AX, —B)’. Hano BBIMHCIHTH 3HAYeHHs C TAKMM PAacyeToM, 4TOGHI
k=1

byHKIMS Q(A, B) MIPYHUMAaJIa HAMMEHBIINE 3HAaUYCHUSA. BRIYMCINM YaCTHBIE TPOU3BOIHbIE
Y MPUPABHSEM UX K HYJIIO.
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Jexuus 6 no mamemamuueckoii cCmamucmuKe

dQ < B B 3 _
93120y, - AX, ~B)-(-X,)=0
d_Q n

> XY —AY X2 -BY X, =0

k=1 k=1 k=1

>y, - AY X, —Bn=0.

k=1 k=1

Jlemma. Tlycts ocb OY MOXKHO MEepeBEpHYTh MapajuiebHO ce0e TakuMm o0paszom,

YTO B HOBOM CHCTEME KOOPJAMHAT CyMMa 3Hau€HHUIl BceX AaHHBIX aOcuucc OyJaeT paBHA
HYJTIO.

O
BepHeMCSI K pacCyKICHUAM. HpI/IMeHHH JEMMY, MOKHO CYHUTATh, UTO B Hallley CUCTEME

n
Z X, =0. IIpu 5TOM cuctema NnpuHUMAET BU:
k=

n n
> Xy Y —AZxk2 =0
k=1 k=1

n
k=1
R Z X k yk R 1 n
Cneposarensio, A=*<—— | B= HZ Y, .Takum o00pazom, Mbl HOJYYWIH OICHKY
Z k=1

X

=

=1

napameTpoB A u B.

Pemum Bompoc o TOM, SBIAIOTCA JM OTH OLEHKA HECMEUICHHBIMH H
COCTOSITEIbHBIMHU. [[7151 3TOTO BBITIOJIHUM B JTAaHHOU cUcTeMe 3aMeHy Y, = AX+ B + 0, .

Zxké‘k

VR L S
sz )
K
k=1

BrerancnuM MatemMaTH4YeCKUE OXHMIAHUS U JTUCIICPCHH CIIYYalHBIX BEITMYHH, BXOJSIINX B
coctaB A u B:

zxkék 1 n 1
M "% : :Zn: Z-ZXk-Mék:O.AHanoquo, M(—Zékj:Q
xk k “
k=1

k=1
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Jexuus 6 no mamemamuueckoii cmamucmuKe

xk5k n
D| = = 1 5 X/ . Tak Kak 4leHbl CIyYailHBIX BEJIMYMH IIONAPHO
2 2 k=1
£ X (kz_; X,
n
Xk5k 1 52
He3aBUCHMEI, To D| 4= =— ~ Y X6t =—,
2 k=1 2
kz=1: Xy (kz; X} j kZ:; Xy

n 52 R 52
k=L . Amanornuno DB =—.

YXE | DX n
k=1

k=1

W3 npuBeACHHBIX BBIKIIAI0K BBITEKAET CIIPABEIMBOCTD CIIEIYIOLEH TEOPEMBI:

Teopema 8. Ecmu HemssectHas ¢ymkims @(X) umeer Bug @(X)=AX+B u
mapameTpsl A 1 B OIEHEHHI ¢ IOMOIIBIO METO[a HAHMEHBIINX KBAIPATOB BETHIMHAME A
u B, TO 3TH OLEHKM SBIAIOTCS HECMEIICHHBIMH, a OIEHKa B SBIAETCS COCTOSTENBHOIL.
Onenka A cocrosTenbHa, eciu psii PACXOTHTCS.

OunenuMm Temepb mnapameTpel A W B, wucnoinb3ysd MNPUHIMI HaUOOJBIIETO
npasaonoaobus. Ilpu 3Tom OyneM mpennonarath, 4To CIydyalHbIE BEJTUYMHBI O, UMEIOT

HOPMAaJIBHOE pacIpe/IeICHuE.
Y. =Ax, +B+06,, k=1,2,...,n
SIcHO, 4TO Cily4yaliHbIE BEIMUMHBI Y, TAKXE UMEIOT HOpMaJbHOE pacnpeaencHue. Mmeem:

(yk—Ax—B)
2

l _
My, = Ax, + B, Dy, =AJS, —62. Torna P, = e 20
Y k Yk k Vi \/ZO'

CocrtaBuM (DYHKITHIO MPABIOIIOI00MS

1
002 ()’k—AXk—B)Z

n 1 n
L=IIPy, =| ——| e 7
k=1 Ye (\/ZEGJ
InL=In( L jn— L Sy, - Ax —B)
N2rmo 202" K
olnL 1 4
=—.2 —Ax, —B)-(— =0
olnL 1 s
=—.2 - Ax, —B)-(-1)=0

HonyqaeTcsl Ta KC CUCTCMaA, YTO U IIPHU BBIBCACHNN MCTOJd HAMMCHBIIHUX KBAAPATOB.
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Jexuus 6 no mamemamuueckoii cmamucmuKe

Cayuan 2. Ilyctb Y= go(x) = Ax* + Bx+ C . HyxHo onenuts napamerpsi 4, B, C.

X, :%, k=1,...,n.
n

CMozienupyeM U3MepeHHs ducen Yk mo gpopmynam: Yy, =—-2X7 +10X, —8+6,,Md, =0,

Do, =0,04.
[Ipu 3TOM uKcna X B3AThI U3 JATUYMKA CIyYalHbBIX YUCEIL.
[IpruMeHUM METOI HAMMEHBIIUX KBAAPATOB JIsl OLIEeHKU napaMmeTpoB A4, B, C. CoctaBum

Q(AB.C)=3.(y, - AX} - BX, ~Cf

k=1

X2y, - AX? —BX, —C)=0

& n
X __
A~ 2
@Z_gZxk(yx ~ AX? —=BX, -C)=0
oB k3
R _ 23(y, - AXZ-BX, ~C)=0
o ka1
PGHII/IB 3Ty CI/ICTeMy C 3-M$I HCHU3BCCTHBIMU, HOJIY‘II/IM:
n=25 n=100
A=-1.871 A=-2.046
B=9.510 B =10.200
C=-7627 C =-8.218
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Jexuus 7T no mamemamuueckoii cmamucmuKe

Jlexusa 7
NHuTepBanibHbIEC OLIEHKU MApaMETPOB paclpeieNICHUs

ToueuHble OLICHKM HEM3BECTHOIO MapameTpa € XOpOoIIM B KaueCTBE MEePBOHAYAIBHBIX
pe3yabTaToB 00paboTku HaOmojeHui. X HeqoCTaTOK COCTOUT B TOM, YTO HEU3BECTHA
TOYHOCTh OLEHHMBaHHUS mapaMmerpa. [losTomy M BO3HUKaeT 3ajadya O MNPUOIMKEHUU
napameTpa 6 He OJJHUM YUCIIOM, a EIbIM HHTEPBAIOM.

Ecin u3BECTHBI 3aKOH paclpeiesiCHUs CIIyYaliHOM BEJIWYMHBI, SBJISIOLIUNCI OLEHKOM,
U ee JUCIepcusi, TO MOXXHO YyKa3aThb TI'paHUlbl, B TMpeAenax KOTOPbIX HaxOJIUTCA
HEU3BECTHOE 3HAUYCHHE MapaMeTpa ¢ OOJIbIIei BEpOATHOCTHIO. ECiu 3TH TpaHuIbl 3aBUCST
OT 3HaY€HUS HEU3BECTHOTO NapaMeTpa, TO UMH MOJIb30BATHCS HEIb3S.

PaccmotpuM  BBIGOPKY  X;,X,,...X,:P(X; <x)=F(0,x), tnme 6 — HeussecTHsIii
napamerp. IlycTe ynmamoch HaWTH 3HauYeHWe Tnapamerpa 0O é(Xl, XZ,...,Xn),
YIOBIETBOpsIOIee YCIoBuio <@ mns moobbix sHadenuit X, X,,...,X, . [Ipeanonoxum,
YTO 1S JIIOOBIX 3HAY€HU 6 BBIMOJIHSAETCS COOTHOIICHHE:

P(O(X;, X5, X, ) <0< O(X1, X5, X, ))=1— 22,
I7Ie & — HEKOTOPOE YHUCIIO.

Taxum oOpazom, 3HaUEHUE MMapaMeTpa HE 3aBUCUT OT 3HAUEHUS CIIy4ailHOW BeTWYUHBI X U
HE CBSI3aHO CO 3HAYEHUEM napameTtpa 6.

Onpedenenue 37. nTepBan (Q;@) HA3BIBACTCS 008EPUMENbHBIM UHMEPBAIoM O C
JOBEPUTETHLHON BEPOATHOCTHIO (HAJEKHOCThIO) ¥ =1—2cx .

I[OBepI/ITGJ'II)HI)IG HHTCPBAJIbI IJIS ITaPpaMCTPOB HOPMAJIBHOTI'O PACIIPpCACICHUA

[locTpom  [OBepUTENbHBIE  HWHTEpPBaJbl  [J1  NAapaMETpOB  HOPMAJIbHOIO
pacmpenenieHus, TO €CTh KOTJla BhIOOpKa MPOU3BOAMUTCS W3 TE€HEPATbHON COBOKYITHOCTH,
UMEIOIIEN HOPMAJIBHOE pacIpe/Ie]IEHUE ¢ MapaMeTpaMl a U o .

1) loBepuTebHbIi HHTEPBAJ IJIsI MATEMATHYECKOT0 OKUIAHNUS TPH U3BECTHOI
AUCIIEPCUH
[Tycts BBIOOpKA X, X,,...,X, pacmpeaelieHa MO HOPMAIbHOMY 3aKOHY C
M3BECTHBIM CPEIHEKBAIPATUYHBIM OTKJIOHEHHUEM o U TpeOyeTcs HAWTH TOBEPUTEIbHBIN
VMHTEPBAJ U1l MATEMATUYECKOTO OKUIAAHUS d C HAJIE)KHOCTBIO ¥ .

- X+ X,+.+X
Bri6opoyHOE cpesHee X =1 2n n

— TOXE pacIpelesieHo I

2
O

HOpPManbHOMY 3akoHy ¢ mapametpamu MX =a, DX =——. HaiizeM Takoe uucio &,
n

r-ITO6I:»I BBIIIOJHAJIOCH PABCHCTBO
P(X—e<a<X +s)=7y.
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Jexuus 7T no mamemamuueckoii cmamucmuKe

X —-a
e
Jn
Marematndeckoe O0XUJAHHE 3TOW CIy4alHOW BEJIMYMHBI paBHO 0, CPEIHEKBAAPATUUHOE

OTKJIOHEHUE paBHO |, W ee pacmpeneneHue He 3aBUCUT OT . Haiimem s 3agaHHON
BEPOATHOCTH y Takoe 4uciio U, , 9To BBINOIHSETCS PABEHCTBO:

BBGI[GM TaKYIO BCJIMUHNHY:

X —-a <u ley,

p ¥
Jn

rae U, sBisieTcs pelenuemM ypaBHeH s ZCD(U 7): V.

P

BrimonHuM cneayromye ToXASCTBEHHbIC MPEeo0Opa30BaHMUS:

—-a — o — o
<U = X-a<«<xU, - —=-U_-—< X - —_=>
e y ‘ ‘ 7 In \/— U, /n
Jn
=-X -U, X+U - L o X-U <a<X+U i

T N i I
Takum 006pazoM, BEpOSITHOCTD

P()?—U jﬁ<a<X+U fj

IOATOMY

(o}
u, —,
7 Jn

a4 MHTEpBaAJIbHAs OLICHKA JJIA MAaTCMAaTHYCCKOI'0 OKHAAaHUs UMECT BU .

o o .o o)
X-U -—; X+U_ -— (24)
( 7 Jn 7 In
2) loBepuTENbHBI HHTEPBAJ 1JIsI MATEeMATHUYECKOI0 0KUIAHNSI IPU HEU3BECTHOM

AUCTIEPCHU

PemM 3amady MOCTpOCHMS HWHTEPBAJbHOW OLEHKM JJII MaTeMaTHYecKOro
OKUJAHHUS HOPMAJIBbHOTO pacHpeesieHns NpU YCIOBUM Heu3BecTHOW aucrepcuu. [lycTsb
cioyuaiinas BenmumHa X =N(a,0), mpuueM HEM3BECTHBIMH SBISIOTCS M @, U O.

- 1 o\
Beruncmum o Xy, X, ,..., X, BeIGOpouHOE cpeqHee X H OLEHKY S’ = (Xk - X)
n—1ia
aucrepcun  o. Mcmonb3ys 3aJaHHYIO JOBEPUTEIBHYIO BEPOSITHOCTH ), HailieM Takoe
YHCIIO &, 9TOOBI BHITIOIHSIOCH PABEHCTBO

P()?—g<a<)?+g):y (25)
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PaccMmoTpuM BenuuuHy

X —
=" (26)

KOTOpas He 3aBUCHUT OT IMapaMeTPOB ¢ U 0 U pacipeeieHa no 3akony Crerogenra ¢ (N-1)
CTEIEHAMHU CBOOO/IBI.
Omnpenenum BenuunHy t, ,; Kak pellleHue ypaBHEHMS:

y.n
P(ftoal <t, 0 )=7 (27)
Torxa nosryyum

X —a
Pl IS <tns |=7 (28)
Y
BeImonHuM crieayromme ToX/1eCTBEHHBIC TPeoOPa30BaHNUS:
X -a T S-t n-1 S-t n-1 S-t n-1
<t L [=X—a<—EE - —L —a<—12—
S D A TR Jn
Jn
_ St _ St _ St _ St
=X -—I"cac- X+ — s X - M cqa X 4 —11
Jn Jn Jn Jn
Hrak,
_ St . _ St
P X—#ﬂ1<a<X+#nl =y (29)
CpaBHHBas OCJIEIHEE PABEHCTBO C PaBEHCTBOM (25), mojydaem, 4To
St 0
E=—7— (30)

AN
CrnemoBaTellbHO, C BEPOSITHOCTBIO ¥ MOXHO 3aKIIOYHTh, YTO BBIOOpOYHOE cpeaHee X
JaeT 3HAYCHUE HEU3BECTHOTO MATEMAaTHYECKOTO OXHAAHUS C TOYHOCTBIO &, a

I[OBepI/ITeHBHBIﬁ HHTCPBAJI OIIPCACIIACTCA KaK

)? _ S 't;/,nfl J— S .t}/,n*l
Jn Jn

(31)

3) [doBepuTeJbHBbIii HHTEPBAJd UIA HEH3BECTHOH [JWCTEPCMH M  CPEIHEro
KBA/IPAaTHY€CKOI0 OTKJIOHEHHS
[Tycth cnyuaiinas BenwumHa X = N(a,a), IIPUYEM HEU3BECTHBIM SBISETCA O.
- 1 o\
Beruncmum o Xy, X, ,..., X, BeIGOpouHOE cpenHee X H OLEHKY S’ =1 (Xk — X)
n—1i3
JIUCIIEpCHUn o. B KadecTBe OLIEHKH HEM3BECTHOTO CPEIHEr0 KBAAPATUUECKOTO OTKIOHEHHUS

[c2 .
Bo3bMeM S =+/ S . Mcnonb3ys 3alaHHYO JIOBEPUTEIHHYIO BEPOSTHOCTh ¥, HAHJIEM TaKoe
YUCJIO &, YTOOBI BHITIOIHSIOCH PABEHCTBO

P(S-e<o<S+eg)=y (32)
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PaccmoTrpuM BenuuuHy

~1)-S?
Ao = (n-1)-8* Z (33)
O

2 . .
KOTOpass MMeeT y° - pachpeieseHue ¢ (n —l)-H cTeneHblo cBOoOOABl. Haiimem s
3aJlaHHbIX ¥ U (n —1) TaKoe YUCIO (,, IPH KOTOPOM BEPHO PABEHCTBO

n-1 2 n-1 _
F{(1+ qy)2 R (max(0;1- qy))z ] ’ 3
VYuursiBas (33), mory4um
n-1 (n-1)-S? n-1 B
P((H qy)2 R <(max(0;l—qy))2 J_}/ )

BrinomHuM cneaytomye ToX/IeCTBEHHbIC TPeoOpa3oBaHus:

1 g2 1 1 1 1
< < — < < ))2 p—

(1+q7/)2 o2 (maX(O;l—qy))2 82(]_+q7)2 o2 32-(max(0;1—qy

=52(+q,f>0?>52-(max(0;1-q, )} =S - (max(0;1-q, ))<o<S-(L+q,).

Takum 006pa3oM, BEpOSITHOCTD

P(S-(max(0;1-q,))<oc<S-([L+q,))=r (36)
P(max(0;S-(1-q,)<o<S-{l+q,))=7 (36")

CnenmoBartenabHO,
£=35-0, (37)

HTaK, ¢ BEpOSTHOCTBIO ¥ MOYHO yTBEP)KAATh, YTO HHTEPBAI
(max(0;S-S-q,);S+S-q,) (38)

HaKpOCT HCU3BCCTHOC CPCAHCC KBAAPATHICCKOC OTKIIOHCHUC O .

C TaKxoii ke BEPOATHOCTHIO MOYKHO yTBEPKAATh, YTO MHTEPBAI
(max(0; s -S-q,)Fi(s +S-q, ) (39)

2
HaKpOCT HCU3BCCTHYIO AUCIICPCUIO O .
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Jlexus 8
[IpoBepka CTaTUCTUUECKUX TUIIOTES

OmHMM H3 YacTO BCTPEYAIOMIMXCS MPUMEHEHUH CTaTHCTUYECKUX METOJOB Ha
MPAKTHKE SBISETCS PEIICHUE BOMPOCA O TOM, JOJKHO JIM OBITh MPUHATO WJIH OTBEPTHYTO
MpeanojaoxkeHue (TUrnore3a) OTHOCUTENIbHO Te€HEPATbHOM COBOKYMHOCTU (CIydailHOU
BEJIMUMHBI) HA OCHOBaHWH JaHHOW BbIOOpKH. Hampumep, HOBOe MpaBHiIO MOCTYIUICHHS B
BY3 HCIBITAHO HA OMpPEACICHHOM 4Hcie aOUTypueHTOB. JIOTHUHO BBISICHUTH, MOKHO JIH
cienaTh 00OCHOBAaHHBIM BBIBOJ O €ro 3()(EeKTHMBHOCTH MO CPaBHEHUIO C MPEIBIIYIIAM
MPaBUIIOM MOCTYIUICHHUS IO TaHHBIM pe3yJbTaTam?

Onpeodenenue  38. Cmamucmuueckoil  2unome3ou  Ha3bIBaeTCs  J1H000€
BBICKa3bIBaHHE (TIPEIIONOKEHUE) O TEeHEpaJbHOW COBOKYIMHOCTH, TPOBEPSIEMOE TIO
BbIOOpKE (MO pe3ynbTaTamM HaOJIOICHUN).

Onpedenenue 39. Ilpoeepkoii zunome3spl Ha3BIBACTCS TPOIEAYPa COMOCTABICHUS
BBICKa3aHHOTO MPEIOJIOKECHUS (THITOTE3bI) C BBIOOPOYHBIMH JTAHHBIMU .

CraTucTHUYeCKHE TUIOTE3HI JACISATCS Ha MapaMeTpudeckue (TUIOTEe3bl 0 mapaMeTpax
pacmpesieieHusi HW3BECTHOTO BHUJA) M HemapamMeTpudeckue (0 BHIE HEU3BECTHOTO
pacripejieiieHus).

OCHOBBIBasICh Ha BBIOOPOYHBIX JAaHHBIX U YUUTHIBAsl YCIOBHS KOHKPETHOW 3aJlauH,
BBIJIBUralOT runore3y H, B kauecTBe OCHOBHOHM (Hyneeoii), a npyrywo rumnoresy H,,

SBIISIONIYIOCS. €€ JIOTHYeCKMM OTpHUIlaHMEeM, — B KadecTBe KOHKYpHUpPYIOIIEh
(aromepnamuenon). Hampumep, eciu HyJeBas TUIOTe3a COCTOUT B TOM, 4YTO
maTemarndyeckoe oxuaanue pasHo 10 (Hy:MX =10), To B kauecTtBe ajabTepHAaTUBHOM

MOKHO paccMaTpHBaTh OAHY U3 ciaeayronux runore3: MX <10, MX >10, MX =5.

WNmes nBe runore3sl Hou H,;, Hamo Ha ocHOBe BbIOOpPKH X;, X,,...,X IPUHATH
anbo HyneByio runoresy H,, mubo anprepHatuBHylo runortedy H,. IlpaBuio, corimacHo
KOTOPOMY NpPWHUMAETCS WJIM OTKIOHsAETCS Turmore3a H,, HaspBaeTrcs Kpumepuem
HpPOBEPKU TUnore3sl H,.

[Ipu mpoBepke TUIOTE3bI MOXKET OBITH MPUHITO HEMPaBUIBHOE PEIICHHE, TO €CTh,
JONyIIeHbl OmuoKku 1-ro u 2-ro poma. Quubébka I1-20 poda COCTOUT B TOM, UTO
OoTBepraercsi HyjieBas rumore3a H,, korma Ha camoM Jene OHa BepHa. BeposaTHOCTbH

omuOKU 1-r0 pojia Ha3bIBACTCS YPOGHEM 3HAUUMOCMU Kpumepusa 1 0003HAYAETCS yepes3
o . Qwubka 2-20 poda coCTOUT B TOM, UTO IIPUHUMAETCs HyJeBas runore3a H,, koraa Ha

camoM Jerne BepHa rumote3a H,. BepostHocTh ommOku 2-ro pojma o0o3HAYaeTCs yepe3

f. Benmnuuna 1— £ HasbiBaeTcs MoujHocmoto kpumepusa. O600UIMM CKa3aHHOE B BHUJIE
TaOIUIbI.

['nnoresa H,, OtBepraercs [Ipuanmaercs
BEpHAa Ommbka 1-ro pona, [IpaBunpHOE pelIeHue,

€€ BEpPOATHOCTh paBHA €r0 BEPOSITHOCTh paBHa 1— &
HEBEpHA [IpaBunbpHOE penieHue, Omubka 2-ro poaa,

€ro BEepOSITHOCTh paBHa 1— [ ee BEPOATHOCTh paBHA [f
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Cxema NpoBEpKH FMIOTE3 CBOAUTCA K CIEAYIOLIEMY:
Aman 1. Pacnionaras BeiOOpkoir X;, X,,...,X,, GOPMYyITUPYIOT HYJIEBYIO THIIOTE3Y

H, u anprepHatuBHyo H,.

Oman 2. B KaXJOM KOHKPETHOM Cilyyae NOAOMPAIOT CMAMUCMUKY Kpumepus
(pynxuuto BBIOOpPKH, (OPMHUPYIOIIYIOCS HAa OCHOBAHMM PE3YJIbTaTOB  BBIOOPKHU
X1, Xp0e X)) T =T(Xq, X,,..., X, ), 0OBI4HO U3 Hepeunciennbix Hike: U — HopMaibHOe
pacmpenenenne, y°- pacmpenenenue Ilupcoma, t — pacnpeneneuue CrblonenTa, F —
pacnpenenenue Oumepa — CHenexopa.

Iman 3. Tlo cratuctuke Kputepuss [, U 3aJJaHHOMY YpPOBHIO 3HAYUMOCTH &

OTPECIAIOT KpUTHUECKyt0 obnacth S (u S). Jlmd ee OThICKAHHWS JOCTATOYHO HANTH

KPUTHYECKYIO0 TOUYKY t ., TO ecTb rpaHuIly, OTIEISIOLIYyI0 00JacTb S OT S. ['panubi

Kp°
oOmacTeil onpeaeNnsaoTcs U3 COOTHOIICHHI:
® JJIsl MPABOCTOPOHHEH KPUTUUECKOUN 00JIaCTH: P(Tn > th): a.

® I JIEBOCTOPOHHEHN KPUTHYECKOM 00IacTu: P(Tn < th): a.

® NIl ABYCTOPOHHEH KpUTHYECKOI 00JIacTH: P(Tn < t,fp): P(Tn > t,’fp):% :

JUist  KaXIoro KpUTEpHUs KPUTHYECKYI0 TOYKY, YIOBJIETBOPSAIOIIYIO TPUBEIECHHBIM
COOTHOIIIEHUSAM, HAXOIST 10 COOTBETCTBYIOIIUM TAOJIHIIAM.

Aman 4. [Ins noy4eHHOH peannu3anuu BIOOPKU X, X,,...,X,, BBIUUCISIOT 3HAUCHUE
kputepust T,,. =T (X, Xy,...,X, )=t.

Oman 5. Ecniu teS, 1o HyneByto rumoresy H, oTBepraioT M NPUHUMAIOT

allbTepHaTUBHYIO H,; ecnu ke t € S, To HyneBylo runorezy H, npuHuUMaror.

[IpoBepka runotessl 0 BUJI€ 3aKOHA pacnpeneneHus. Kputepuu cornacus

Bo MHoOrumx mnpakTH4ecKHMX 3ajayax MOJIe]Ib 3aKOHA paclpelleNieHusl 3apaHee
HEW3BECTHA, IMIO3TOM BO3HUKAET BOIMPOC BHIOOpAa MOJENH, COTJACYIOIIECHCS ¢
pe3ynbTaTamMu HaOIIOIEHUS HaJl CIIy4aifHOW BETUYUHON X .

[Ipenmonoxkum, u9To HewsBecTHas (yHKmus pacmpeneneHus Fy (X) CIIy4alHOU

BeIUYMHBI X MMEET OIpeae/IeHHYI0 Mozenb F (X), TO €CTh CPOPMyNHpPYyEeM THIIOTE3Y

meop

Ho : Fy (X): Foeop (X) Torma B KadecTBe aJbTEPHATHBHOM BBIIBHUHEM THIIOTE3Y

H,: Fy (X);t Foeop (X) TpeOyetcs caenaTh BBIBOA: COIVIACYIOTCS JIM JaHHbIE HAOIrOEHUI

C BBICKAa3aHHBIM HpCI[HOJ'IO)KCHI/IeM?
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Onpeoenenue 40. Kpumepuem cocnacua Ha3bIBaeTCs KPUTEPUN, C IMOMOILBIO
KOTOPOT0 MpOBEpsieTcs TUIOTe3a O IMpeanojaraeMoM BUAE 3aKOHA paclpeneneHus (o
COTJIACOBAaHUM TMPENIONIaraéMOro BHUAA pAaclpelesieHus C ONBITHBIMH JaHHBIMH Ha
OCHOBAaHUHU BBIOOPKH).

Kputepuii y° Tnpcona

JUis nmpoBepku rumnore3sl H, mocrynmum cienyroomum oOpa3zom. Pa3zo0beMm Bcro
o0nacTh 3HAYEHWH ClydyalHOW Benu4YMHBI X Ha M uHTEpBaloB A A, ,...,A, u
nogcuutaeM BepostHoctd P; (i=12,..M) momagaHus cioydaiiHol BenmumHBL X B
UHTEpBaI A; 10 popMyIie

Torna Teopernueckoe 4yucCiIO 3HA4YEHUU cnyqaﬁHoﬁ BeIMYMHbl X , MOMAaBIIMX B
UHTEpBaa A;, MOKHO BBIYMCIUTH O (popMyIie

meop __
i =n-p (41)

Takum 00pa3zoMm, MOTYYMM BapUALMOHHBIN psAJl pacHpeleleHus U TEOPETUYECKUI

paax pacinpcCaciicHuA. Ecmu OMITUPUYCCKHUEC  YaCTOThI CHWJIBHO  OTJIMYAaKOTCA oT
TCOPCTHUYCCKHUX, TO IIPOBCPACMYIO THUIIOTC3Y HO OTBCpracM, B IIPOTHUBHOM CJIYy4ddC —

IMPpUHHUMACM €C.
B kauectBe KpUTCPpHUA, XAPAKTCPUIYIOIMICTO CTCIICHb PACXOXKACHUA MCKIAY
OMITMPUICCKHUMHU U TCOPCTUICCKUMH YaCTOTAMU, K.HI/IpCOH MpCaIOKUIT CTATUCTUKY

=gt @

2
[Mpu N—oo0 3Ta Beln4MHA UMeeT )y — pacmpenencHue ¢ K=m—r —1 creneHsamu

CBOOOJIBI, TJIE M— YHCIIO HHTEPBAJIOB BHIOOPKH, I — YUCIIO TTApaMETPOB MPEANOIaracMoro
pacnpenenenus. Hampumep, B ciydae HOpPMaabHOTO paclpeiciieHUus OLECHUBAIOT JBa
napameTpa a u o, Hodtomy r=2.

Cxema IpUMeHeHns KpuTepust x> [TUpcoHa CBOIUTCS K CIEIyIOLIEMY:
1. Tlo popmyne (42) BbIUHCIIIEM Zsam— BBIOOPOYHOE 3HAYEHUE CTATHCTHKHU
KpUTEPHUS.
2. 3a1aB ypOBeHb 3HAYMMOCTH ( KPUTEPHs, 1O TaOIMIE y°— pacrpeleleHus

2
HaXOJUM KPUTHUYECKYIO TOUKY (KBAHTHIB) ¥, -

2
3. Ecnm x5, < TO Trunoresa H, He mNPOTUBOPEUUT JAHHBIM

kaum’
HaOJIOZICHHI; B NMPOTUBHOM CIllydyae €cCid Zfam > ;(fpum, To runoresy H,
OTBEPraeM.

HeoOXOMMMBIM ~ yCIOBHEM TpPHMEHEHHS KpuTepus y° IIMpcoHa  sIBIsieTCS

BBINIOJIHEHHE COOTHOImEeHus N’ >5. Eciou JuIs Kakoi-TO TPYIIBEl BBIOOPKH OHO HE

BBITIOJTHAETCS, TaKyl TPYNIy OOBEIUHSIOT C COCEAHEH M COOTBETCTBEHHO YMEHBIIAIOT
YHUCJIO TPYIIIL.
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Kpurepnit Konmoroposa

Kpurepuit  KoamoropoBa sBisercss HamboJjiee MPOCTBIM KPUTEPUEM IPOBEPKH
TUIOTE3bl O MOJIENM 3aKoHa pachpeneneHus. OH CBA3BIBAET AMIUPHUECKYIO (DYHKIUIO
pacrpeneineHus Ifn(x) ¢ (dyHkuen pacmpeneeHus F(X) HENPEPHIBHON CIy4alHOU
BEJIMYUHBI X .

Paccmotpum Xyy Xp,e0y Xp— KOHKPETHYIO BBIOOPKY U3 paclpeleneHus ¢
HEU3BECTHOM (PYHKIUEHN pacnpenerneHus F(x). IIycth Ifn(x) — sMOUpUYecKast GyHKIUs
pacnpenenenus. ChopmyaupyemM HpocTyro rumnoresy Hi: F(X):FO(X), B KauyecTBE
aNbTEpHATUBHOM BbIIBUHEM TUnoTe3y H;: F(X);t F (X)

CornacHo kputeputo KoimoropoBa BBOAUTCS B pacCMOTpeHre QyHKIHS

D, = max Ifn(x)—FO(x){ (43)

—00<X<00

Ota (I)YHKLII/ISI HaA3bIBACTCS CMAMUCHUKOU R'o.lmozopoea H NpCaACTaBIIACT coboi

n

A

MAaKCHUMAJIBHOE OTKJIIOHCHUC BMHHqueCKOﬁ (I)YHKIII/II/I pacipcaciicHuAa Fn (X) oT
THIIOTETHYECKOH (TeopeTndeckoir) GyHkimu pacnpenenenns F(x).

KonMoropos fokaszan, 49ro [pd N—>00 3aKOH paclpeieeHus ClydailHoi
BEJIIMYNHBI \/ﬁ Dn CTPCMUTCA K 3aKOHY pPaCHpPCACICHUA KOHMOFOpOBa HE€3aBUCUMO OT
BUa paClpCaACIICHUA CﬂyqaﬁHOﬁ BEIUYMHBI X , TO €CTh

P(vn-D, <x)>K(x) (44)
rne K(x)- ¢ynkmms pacnpenenenus Komvoroposa. Jlns Hee cocTapieHa Tabiuma
3HAYEHHUH, KOTOPO MOXKHO MOJIB30BaThCst pu N> 20:

a 0,1 0,05 0,02 0,01 0,001
Xo 1,224 1,358 1,520 1,627 1,950
Haiinem takoe 3Hauenue D, mpu KOTOPOM BBINOJHSETCS] PAaBEHCTBO
P(D, >Dy)=c (45)
Paccmorpum ypaBHeHUME
K(x)=1-a (46)

C nomompio pyHkuuu pacrpeneneHuss KommoropoBa HaljgeM KOpeHb X, 3TOTO
ypaBHEHHUSI, TOT1a
P(Vn D, <x)=1-a (47)
CrnenoBarenbHO, BEPOSTHOCTD
P(Yn-D, > %)=« (48)

D, =%/ (49)

Ecmn D, < D,, To runoreza H, nmpuHumaercs, B IpOTUBHOM ciy4ae runore3za H,

Takum o6pazom,

OTBCPracrTc:.
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